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OPERATOR VALUED POSITIVE DEFINITE KERNELS AND DIFFERENTIABLE
UNIVERSALITY
J. C. GUELLA
ABSTRACT. We present a characterization for a positive definite operator valued kernel to be
universal orC0-universal, and apply these characterizations to a family of operator valued kernels
that are shown to be well behaved. Later, we obtain a characterization for an operator valued
differentiable kernel to beCq-universal andC
q
0-universal. In order to obtain such characterization
and examples we generalize some well known results concerning the structure of differentiable
kernels to the operator valued context. On the examples is given an emphasis on the radial
kernels on Euclidean spaces.
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1. INTRODUCTION
The concept of a complex valued positive definite kernel has been permeating Mathemat-
ics since the beginning of the 20th century, especially after the seminal work [2], which laid
down the connection between positive definite kernels and Reproducing Kernel Hilbert Spaces
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(RKHS). In applications (especially in Machine Learning), one of the main desirable properties
on a RKHS is if it can approximate a target (but usually unknown) function. In this sense, the
concepts of universality (ability to approximate continuous functions on compact sets) and C0-
universality (ability to approximate anyC0 function) are a basic requirement [9], [10]. Recently
the concept ofCq-universality (ability to approximate a function and its derivatives up to order q
on compact sets) andC
q
0-universality (ability to approximate anyC
q
0 function and its derivatives
up to order q) has gained some attraction [34], [21] as a natural condition for approximating a
target function and its derivatives up to order q.
A generalization of the concept of complex valued valued positive definite kernel to the op-
erator valued context also has been attracting attention [6],[22], [33]. Let H be a separable
Hilbert space and L (H ) be the space of all continuous linear operators from H to H . An
operator valued kernel K : X×X →L (H ) is called positive definite (or Multi-task kernel [6])
if for every finite quantity of distinct points x1, . . . ,xn ∈ X and vectors v1, . . . ,vn ∈ H we have
that
n
∑
µ,ν=1
〈K(xµ ,xν)vµ,vν 〉H ≥ 0.
In addition, if the above double sum is zero only when all vectors vµ are zero, we say that the
kernel is strictly positive definite.
Once a definition in Mathematics is extended to a broader context, one of the first questions
that comes to mind is how the generalization behaves comparing to the objects that were ex-
tended. For operator valued positive definite kernels and associated definitions, one way of
doing it is by the scalar valued projections of the kernel, meaning if K : X ×X → L (H )
is a positive definite kernel, its scalar valued projections are the kernels Kv : X × X → C,
v ∈H \{0}, given by
Kv(x,y) := 〈K(x,y)v,v〉H ∈ C.
It is easy to verify that if the operator valued kernel is positive definite and satisfy any asso-
ciated definition that we present at Section 2, then all scalar valued projections of the kernel are
positive definite and satisfy the same associated definition. For the convenience of the reader
we prove this affirmation on Lemma 5.3. In general the converse is not valid, not even on the
positive definite case scenario. In Example 3.5 and Example 3.6, we prove that universality and
differentiable universality on the scalar valued projections of a positive definite radial kernel on
an Euclidean space does not imply the same property on the operator valued kernel. However,
in Theorem 3.9 and Theorem 4.12, we prove that if the operator valued radial kernel is positive
definite on all Euclidean spaces (under some technical conditions due to the subtelities of oper-
ator valued measures) information on its scalar valued projections implies a similar property on
the operator valued kernel.
One of the reasons of why the results on Theorem 3.9 are so well behaved, is connected
to the characterization of the complex valued positive definite radial kernels on all Euclidean
spaces [24], which are related to the Gaussian kernels e−r‖x−y‖
2
, r ≥ 0 and those kernels are
C∞0 -universal.
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This example can be put into a very general framework, that is of a bounded continuous
function p : Ω× (X ×X)→ C for which pw : X ×X → C is a positive definite kernel for all
w ∈ Ω, a scalar valued nonnegative finite Radon measure λ on Ω and the positive definite
kernel being analyzed satisfies
(1.1) P(x,y) =
∫
Ω
pw(x,y)dλ (w).
Actually, most well known families of complex valued positive definite kernels can be written
in a similar way, for instance:
◦ (Isotropic kernels on spheres) X = Sd , Ω = Z+, pn(x,y) =Cd−2/2n (〈x,y〉)/Cd−2/2n (1);
◦ (Bochner kernels) X = Rm, Ω = Rm, pξ (x,y) = e−i(x−y)·ξ ;
◦ (Askey kernels) X = Rm, Ω = [0,∞), pr(x,y) = (1− r‖x− y‖)ℓ+;
◦ (Radial kernels) X = Rm, Ω = [0,∞), pr(x,y) = 1Vol(Sm−1)
∫
Sm−1 e
−ir(x−y)·wdw;
In Subsection 3.2 we prove that if all kernels pw satisfy one property (strictly positive def-
inite/ universal/ integrally strictly positive definite) then an operator valued version of 1.1, by
integrating it with a nonzero and finite operator valued nonnegative Radon measure that admits
a Radon-Nikody´m decomposition satisfy the same property, and moreover, that this family of
kernels is well behaved with respect to the scalar valued projections of the kernel. But in order
to present the results on Subsection 3.2, we need a method to analyze the universality and C0-
universality of an operator valued positive definite kernel, which is the focus of Subsection 3.1.
The method we present is a mixture of Theorem 11 in [6] and Proposition 4 in [28] to the op-
erator valued setting, and with this method we define the concept of operator valued integrally
strictly positive definite kernel, in a similar way as [28]. Additionally, we present a criteria for
when the the inclusion-restriction I :HK →C(A ,H ) is a compact operator for every compact
set A ⊂ X , as well as a version of this result on theC0 case.
On Section 4 we move to differentiable kernels. First, at Subsection 4.1 we prove a formula
for the derivatives of a kernel satisfying Equation 1.1 on the operator valued context, as well
as providing an operator valued generalization of the results proved in [21] and [7], regarding
the structure of the RKHS for a differentiable kernel. With these technical results at hand, we
are able to prove a characterization for the Cq-universality and C
q
0-universality on the operator
valued setting at Subsection 4.2, generalizing the complex valued results proved in [25]. We
conclude this article at section 4.3, where we apply the results on the previous Subsections and
obtain several families of operator valued kernels for which the differentiable universalities are
well behaved with respect to the scalar valued projections of the kernel, with an emphasis on
radial kernels.
For the convenience of the reader, at the Appendix A we discuss the definition and main
properties of the several types of vector integration that we use in this article and at Section 2
we review the several concepts of universality that we use in detail.
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2. DEFINITIONS
In this preliminary section we present several definitions that describes qualitative proper-
ties for an operator valued positive definite kernel and its RKHS. If H is a Hilbert space, a
continuous linear operator T : H →H is called
◦ Positive semidefinite if 〈Tv,v〉H ≥ 0, for all v ∈H .
◦ Positive definite if 〈Tv,v〉H > 0, for all v ∈H \{0}.
◦ Strictly positive definite if 〈Tv,v〉H ≥M‖v‖2H , for someM ≥ 0 and all v ∈H .
For the construction of the RKHS from a positive definite kernel K : X ×X → L (H ) (we
are not assuming any topology on X ), consider the vector space
HK := span{z ∈ X → [Kxv](z) := K(z,x)v ∈H }
and the inner product on HK that satisfies 〈Kxv,Kyu〉HK := 〈v,K(x,y)u〉H . The completion of
the normed space (HK,‖ · ‖HK) is denoted by HK and can be taken as a subspace of the set of
functions from X to H that contains the subspace HK . The inner product on HK satisfies
〈Kxv,F〉HK = 〈v,F(x)〉H .
For detailed arguments and basic properties for RKHS of Hilbert valued functions we refer
[26]. It is important to make this construction explicitly, because several results that we prove
depends on how we choose to define the RKHS.
Recall that for a locally compact space X , the Banach space C0(X ,H ) is defined as the set
of continuous functions f : X → H (on the norm topology of H ), such that for every ε > 0
there exists a compact set Aε for which ‖ f (x)‖H < ε for x ∈ X \Aε , with norm given by
supx∈X ‖ f (x)‖H .
Definition 2.1. Let X be a Hausdorff space and K : X ×X → L (H ) be an operator valued
positive definite kernel. We say that the operator K is:
◦ Universal, if HK ⊂ C(X ,H ) and for every compact set A ⊂ X, every continuous function
g : A →H and every ε > 0 there exists f : X →H ∈HK for which
sup
x∈A
‖ f (x)−g(x)‖H < ε.
◦ Projectively universal, if for every v ∈ H \ {0}, the scalar valued kernel Kv : X ×X → C,
given by Kv(x,y) := 〈K(x,y)v,v〉H is universal.
In addition, when X is a locally compact space, we say that the operator K is:
◦C0-universal, if HK ⊂C0(X ,H ) and for every continuous function g ∈C0(X ,H ) and every
ε > 0 there exists f : X →H ∈HK for which
sup
x∈X
‖ f (x)−g(x)‖H < ε.
◦ Projectively C0-universal, if for every v ∈ H \ {0}, the scalar valued kernel Kv is C0-
universal.
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On the C0 case we always assume that X is locally compact in order to avoid pathological
topologies. The definition of universal and C0-universal kernels on the operator valued con-
text first appeared at [6] and the projectively definitions are a natural step from them. The
main interest on the projectively universalities is to understand under which conditions the con-
verse of Lemma 5.3 holds, in other words, when the fact that kernel is Projectively universal
(C0-universal) implies that the operator valued kernel is universal (C0-universal). This type of
analysis has been proving a fruitful and intriguing relationship, as can be seen in [18], [19],
[23].
Although the definition for a positive definite kernel being universal (orC0-universal) is sim-
ple, usually it is difficult to obtain an explicit description for the RKHS of a kernel. At Theorem
3.3 we extend Theorem 11 of [6] and present a powerful if and only if characterization for the
universality (C0-universality) of an operator valued kernel, which is one of the main building
blocks for the results on this paper.
Sometimes the inclusion HK ⊂C0(X ,H ) might also be difficult to verify but the technical
condition in Theorem 3.3 that characterizes C0-universal kernels might be much simpler to
analyze.
Definition 2.2. Let X be a locally compact Hausdorff space, we say that a bounded positive
definite kernel K : X ×X → L (H ) for which HK ⊂ C(X ,Cℓ) is integrally strictly positive
definite if for every nonzero H valued Radon measure of bounded variation η in X (η ∈
M(X ,H )\{0}) ∫
X
〈
∫
X
K(x,y)dη(x),dη(y)〉> 0.
When H = C this definition is the one given in [27]. For some specific type of complex
valued kernels, a good description of those who are integrally strictly positive definite were
obtained in [8], [15], [27], especially the kernels on Euclidean spaces invariant by translations
(more generally on a locally compact commutative group).
If a kernel K : X×X →L (H ) is integrally strictly positive definite, by standard arguments
of measure theory, it is possible to obtain that this property is equivalent at HK being dense
on every Banach space L1(X ,λ ,Cℓ), where λ is a finite scalar valued nonnegative finite Radon
measure on X and
L1(X ,λ ,Cℓ) := {h : X → Cℓ,
∫
X
‖h(x)‖dλ (x)< ∞}.
On Euclidean spaces the concept of universality can be generalized. If U ⊂ Rm is an open
set, a function F :U → H is an element of C1(U,H ) if for every 1 ≤ i ≤ m, there exists a
continuous function U → H , which can be proved that is unique and we denote it by ∂ eiF ,
such that
lim
h→0
∥∥∥∥F(x+hei)−F(x)h −∂ eiF(x)
∥∥∥∥
H
= 0, x ∈U.
Recursively, we say that F ∈C2(U,H ) if for every 1≤ i≤m the function ∂ iF is inC1(U,H ).
Similar to multi variable calculus, it can be proved that ∂ ei∂ e jF = ∂ e j∂ eiF for every F ∈
C2(U,H ). For more information on vector valued differentiable functions we refer [1]
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We also define the set
C
q
0(U,H ) := {F ∈Cq(U,H ), ∂ αF ∈C0(U,H ), |α| ≤ q}.
Definition 2.3. Let U ⊂ Rm be an open set and K : U ×U → L (H ) be a positive definite
kernel for which HK ⊂Cq(U,H ). The kernel K is called
◦ Cq-universal if for every compact set A ⊂U every function g ∈Cq(U,H ) and every ε > 0
there exists f :U →H ∈HK for which
sup
x∈A
∑
|α|≤q
‖∂ α f (x)−∂ αg(x)‖H < ε.
◦ ProjectivelyCq-universal if for every v ∈H \{0}, the scalar valued kernel Kv :U×U →C,
given by Kv(x,y) := 〈K(x,y)v,v〉H is Cq-universal.
◦Cq0-universal if HK ⊂C0(U,H ) and for every function g ∈Cq0(U,H ) and every ε > 0 there
exists f :U →H ∈HK for which
sup
x∈U
∑
|α|≤q
‖∂ α f (x)−∂ αg(x)‖H < ε.
◦ Projectively Cq0-universal, if for every v ∈ H \ {0}, the scalar valued kernel Kv is Cq0-
universal.
If the kernel K isCq-universal for every q∈N, we say that the kernel isC∞-universal. Similarly,
If the kernel K is C
q
0-universal for every q ∈ N, we say that the kernel is C∞0 -universal.
On the scalar valued case, the concept of Cq-universal kernel first appeared at [20] (with the
terminology “Fundamental set onCq”) while theC
q
0-universal kernels appeared in [25].
The notation K ∈ Cq,q(U ×U,L (H )) means that K is jointly differentiable up to order q
on each coordinate and the derivatives are continuous functions from U ×U to L (H ). For
instance, the kernel
(x,y) ∈ Rm×Rm → k(x,y) := 〈x,y〉
q
‖x‖2+‖y‖2 ∈ R
is positive definite, however k ∈Cq−1(Rm×Rm)\Cq(Rm×Rm).
3. OPERATOR VALUED UNIVERSAL (AND RELATED) KERNELS
In this section, we first present a characterization for an operator valued positive definite
kernel to be universal or C0-universal. Later, we apply this characterization to a family of
operator valued kernels, which are shown to be well behaved, especially with respect to the
scalar valued projections of the operator valued kernel.
3.1. Characterization. On a Banach spaceB, a subset B is such that span(B) is dense onB if
and only if the only continuous linear functional v ∈B∗ such that (v,b)(B∗,B) = 0 for all b ∈B
is the zero functional.
Our proof for the characterization of universal andC0-universal operator valued kernels relies
on this simple relation from functional analysis. Being so, we make a few remarks over the dual
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spaces of C(A ,H ) (A is a compact Hausdorff space) and C0(X ,H ). Both C(A ,H ) and
C0(X ,H ) are Banach spaces on the sup norm
‖F‖C(A ,H ) := sup
x∈A
‖F(x)‖H , ‖F‖C0(X ,H ) := sup
x∈X
‖F(x)‖H .
We recall some measure theoretical definitions that will be needed.
On a Hausdorff space Z, the sigma algebra generated by the open sets in Z, which we denote
by B(Z) is called the Borel sigma algebra on Z. A finite vector valued measure Λ : B(Z)→B
of bounded variation is called a Radon measure on Z if:
(i) |Λ| is outer regular on all Borel sets (|Λ|(E) = inf{|Λ|(U), E ⊂U, U is open})
(ii) |Λ| is inner regular on all open sets(|Λ|(U) = sup{|Λ|(A ), A ⊂U A is compact})
The set of all H -valued Radon measures of bounded variation on Z is denoted byM(Z,H ),
and this set naturally posses a structure of a Banach space when Z is compact or locally compact
by defining the norm
‖Λ1−Λ2‖M(Z,H ) := |Λ1−Λ2|(Z).
Standard topological arguments shows that every function F ∈ C(A ,H )(or C0(X ,H )) is
Bochner measurable and integrable with respect to any finite Radon measure of bounded varia-
tion, more precisely, it can be approximated by the simple functions on
span{w ∈ X → F(x)χA(w) ∈H , x ∈ X ,A ∈B(X)}.
The integrability is a consequence of Equation 1.12.
If η ∈M(A ,H ), the linear functional F ∈C(A ,H )→ ∫
A
〈F(x),dη(x)〉 ∈ C is continu-
ous, indeed
|
∫
A
〈F(x),dη(x)〉| ≤
∫
A
‖F(x)‖H d|η|(x)≤ ‖F‖C(A ,H )
∫
A
d|η|(x)
= ‖F‖C(A ,H )‖η‖M(A ,H ).
A similar argument holds for C0(X ,H ). The following result, which is a vector valued
generalization of the Riesz-Representation Theorem, states that those are the only continuous
linear functionals onC(A ,H ) orC0(X ,H ).
Theorem 3.1. (Dinculeanu-Singer) Let Z be a compact Hausdorff space or a locally compact
Hausdorff space, L :C(Z,H )→C (L :C0(Z,H )→C) be a continuous linear functional. Then
there exists an unique Radon measure of bounded variation η ∈M(Z,H ) for which
L(F) =
∫
Z
〈F(x),dη(x)〉.
The support of a measure η ∈M(Z,H ) is defined as the support of the measure |η|, so
[supp(η)]c is the union of all open setsU ⊂ X , for which η(E) = 0, for all E ⊂U .
In [7], it was presented the following criteria forHK to be a subset ofC(X ,H ) andC0(X ,H ):
Proposition 3.2. Let K : X×X →L (H ) be a positive definite kernel andHK its RKHS. Then:
(i) HK ⊂ C(X ,H ) if and only if the function x ∈ X → ‖K(x,x)‖L (H ) ∈ C is locally
bounded and the function y ∈ X → K(x,y)v ∈C(X ,H ), for all x ∈ X and v ∈H .
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(ii) HK ⊂ C0(X ,H ) if and only if the function x ∈ X → ‖K(x,x)‖L (H ) ∈ C is bounded
and the function y ∈ X → K(x,y)v ∈C0(X ,H ), for all x ∈ X and v ∈H .
Moreover, if HK ⊂C(X ,H ) then the inclusion-restriction I : HK →C(A ,H ) is con-
tinuous for every compact set A ⊂ X. Similarly, if HK ⊂C0(X ,H ), then the inclusion
I : HK →C0(X ,H ) is continuous.
We emphasize that a kernel does not need to be jointly continuous in order that HK ⊂
C(X ,H ). For instance, the kernel (x,y) ∈ Rm×Rm → 〈x,y〉‖x‖2+‖y‖2 ∈ R is positive definite be-
cause k(x,y) =
∫
[0,∞)〈x,y〉e−r‖x‖
2−r‖y‖2dr and Hk ⊂C0(Rm) by Lemma 3.2, however the kernel
k is not a jointly continuous function.
At Theorem 11 of [6] it is proved that if X is a Hausdorff space and HK ⊂C(X ,H ), then K
is universal if and only if for every compact set A ⊂ X , the only measure η ∈M(A ,H ) for
which
(3.2)
∫
A
〈K(x,y)v,dη(x)〉= 0
is the zero measure. A similar result is possible for theC0-universality. Indeed, by the comments
made at the beginning of this subsection, if HK ⊂C0(X ,H ), then K isC0-universal if and only
if the only measure η ∈M(X ,H ) for which
(3.3)
∫
X
〈F(x),dη(x)〉= 0
for all F ∈HK is the zero measure. Note that if Equation 3.3 holds true for all F ∈HK, then it
holds for F(x) =K(x,y)v, for all y∈ X and v∈H , and since the inclusion I :HK →C0(X ,H )
is continuous by Proposition 3.2, the converse is also true, so if HK ⊂ C0(X ,H ), then K is
C0-universal if and only if the only measure η ∈M(X ,H ) for which
(3.4)
∫
X
〈K(x,y)v,dη(x)〉= 0
for all y ∈ X and v ∈ H is the zero measure. In the following, based on these two results
we prove another characterization for universality and C0-universality that is more technically
advantageous for our purposes.
Theorem 3.3. Let K : Z × Z → L (H ) be a positive semidefinite kernel for which HK ⊂
C0(Z,H ) (HK ⊂C(Z,H )), then:
(i) For every η ∈M(Z,H ) (η ∈M(Z,H ) of compact support) the function Kη : Z→H ,
defined as
〈v,Kη(y)〉H =
∫
Z
〈K(x,y)v,dη(x)〉
is an element of HK and it is also described by the weak-Bochner integral Kη(y) =∫
ZK(x,y)dη(x).
(ii) The following equality holds
〈Kη ,Kη〉HK =
∫
Z
〈
∫
Z
K(x,y)dη(x),dη(y)〉
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and if dη = Hd|η| is a Radon-Nikody´m decomposition for η , then
〈Kη ,Kη〉HK =
∫
Z
∫
Z
〈K(x,y)H(y),H(x)〉H d|η|(x),d|η|(y).
(iii) The kernel K is C0-universal (universal) if and only if 〈Kη ,Kη〉HK > 0 for all η 6= 0.
When H = C this result can be found at [28]. We remark that when H = C, by the way we
defined the vector integrals we get
〈Kη ,Kη〉HK =
∫
Z
∫
Z
K(x,y)dη(x)dη(y)
while on [28], the inner product is equal to
∫
Z
∫
ZK(x,y)dη(y)dη(x). The criteria for universality
are equivalent, the only difference is that the association of η to Kη in [28] occurs (on our
notation) from η to Kη .
In some applications, the inclusion-restriction I : HK →C(A ,H ) being compact for every
compact set A ⊂ X is another desirable property, because under this hypothesis and the prop-
erties of RKHS every continuous (not necessarily linear) function T :C(A ,H )→ R admits a
minimizer (on HK) for every closed and bounded subset of HK. Below we present a criteria
for when this property occurs based on the Arzela`-Ascoli Theorem, which states that given a
compact Hausdorff set A , a closed subset B ofC(A ,H ) is compact if and only if
◦ B is equicontinuous: For every ε > 0 and x ∈ X there is open setUx that contains x for
which ‖F(x)−F(y)‖H < ε for all F ∈ B and y ∈Ux.
◦ B is pointwise relatively compact: The set {F(y),F ∈ B} ⊂ H has compact closure
on the norm topology of H .
Lemma 3.4. Let Z be a locally compact space and K : Z×Z → L (H ) be a positive definite
kernel. Suppose that HK ⊂C(Z,H ), then
(i) Every bounded set B ⊂ HK is equicontinuous if and only if the kernel K : Z × Z →
L (H ) is continuous on the norm topology of L (H ).
(ii) If K(x,x) is a trace class operator for every x ∈ Z, then every bounded set B ⊂ HK is
pointwise relatively compact.
In particular, by mixing those two results we obtain that if K(x,x) is a trace class operator for
every x ∈ Z, then
(iii) The continuous inclusion-restriction I : HK →C(A ,H ) is compact for every compact
set A ⊂ Z if and only if the kernel K : Z×Z→L (H ) is continuous on the norm topol-
ogy of L (H ). Under this hypothesis, every closed and bounded set of HK (restricted
to A ) is a compact set of C(A ,H ).
(iv) If HK ⊂C0(Z,H ), then the set
BA := B∩ span{Kxv, ,x ∈A ,v ∈H }HK
has compact closure on C0(Z,H ) for every bounded set B of HK and compact set
A ⊂ Z if and only if the kernel K : Z×Z→L (H ) is continuous on the norm topology
of L (H ). Under this hypothesis, if B is closed then BA is a compact set of C0(Z,H ).
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3.2. A well behaved family of operator valued kernels. The following 2 examples shows
that universality on matrix valued kernels in Euclidean spaces does not satisfy the converse of
the scalar valued projections property not even for radial kernels.
Example 3.5. For every m∈N and ℓ≥ 2, there exists a continuous function F : [0,∞)→Mℓ(C)
for which the kernel
(x,y) ∈ Rm×Rm → F(‖x− y‖) ∈Mℓ(C),
is positive definite and for every v ∈ Cℓ \{0} the scalar valued positive definite kernel
(x,y) ∈ Rm×Rm → 〈F(‖x− y‖)v,v〉C
is C∞0 -universal, but the matrix valued kernel is not universal.
Another example is the Gaussian type kernel
Example 3.6. The matrix valued kernel
K(x,y) =
[
e−‖x−y‖2 e−‖x+2w−y‖2
e−‖x−y−2w‖2 e−‖x−y‖2
]
, w 6= 0
is positive definite but it is not strictly positive definite (hence, it is not universal) and all of
scalar valued projections of this kernel are C∞0 -universal kernels.
However, it is proved in [23] an operator valued version of Bochner’s Theorem, more pre-
cisely, if F : Rm → L (H ) is an ultraweakly continuous function, then the operator valued
kernel
(x,y) ∈ Rm×Rm → F(x− y) ∈L (H )
is positive definite if and only if for every v ∈H the scalar valued kernel
(x,y) ∈ Rm×Rm → Fv(x− y) := 〈F(x− y)v,v〉H ∈ C
is positive definite.
In [19], it is proved that if F : [0,∞)→Mℓ(C) is a continuous function, then the matrix valued
kernel (m≥ 2)
(x,y) ∈ Rm×Rm → F(‖x− y‖) ∈Mℓ(C)
is strictly positive definite if and only if for every v ∈ Cℓ the scalar valued kernel
(x,y) ∈ Rm×Rm → Fv(x− y) := 〈F(x− y)v,v〉 ∈ C
is strictly positive definite (by using a Hamel basis argument and this result, it is possible to
obtain the same type of equivalence for operator valued ultraweakly radial kernels).
In some sense, the results from [23], [19] and Examples 3.5, 3.6 are related to how we can
describe a scalar valued kernel of this type.
For instance, if f : Rm →C is a continuous function that defines a positive definite kernel on
Bochner’s sense, then
f (x− y) =
∫
Rm
e−i(x−y)·ξdλ (ξ ), x,y ∈ Rm
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for some scalar valued nonnegative finite Radon measure λ on Rm. Note that the kernels
e−i(x−y)·ξ are positive definite but none of them is strictly positive definite.
As for radial kernels on a fixed Euclidean space, if f : [0,∞)→ C is a continuous function
that defines a positive definite radial kernel on Rm then
f (‖x− y‖) =
∫
[0,∞)
Ωm(r‖x− y‖)dλ (r), x,y ∈ Rm
for some scalar valued nonnegative finite Radon measure λ on [0,∞) [31], where
Ωm(‖x‖) = 1
Vol(Sm−1)
∫
Sm−1
e−ix·ξdξ , x ∈ Rm.
Note that the kernels Ωm(r‖x− y‖) are strictly positive definite for all r > 0 (when m ≥ 2) by
[30], but they are not universal (we prove the last affirmation at Lemma 3.11).
On the other hand, for radial kernels on all Euclidean spaces, if f : [0,∞)→C is a continuous
function that defines a positive definite radial kernel on all Euclidean spaces by [24] we have
that
(3.5) f (‖x− y‖) =
∫
[0,∞)
e−r‖x−y‖
2
dλ (r), x,y ∈ Rm
for some scalar valued nonnegative finite Radon measure λ on [0,∞). The Gaussian kernels
e−r‖x−y‖2 areC∞0 -universal for all r > 0 by [25].
At Theorem 3.7 we present a general setting where several properties over the scalar valued
projections of the kernel implies that the operator valued kernel also satisfies this property.
Theorem 3.7. Let X and Ω be Hausdorff spaces, with Ω being locally compact and p : Ω×X×
X →C be a bounded continuous function such that the kernel
(x,y) ∈ X×X → pω(x,y) := p(ω,x,y)
is positive definite for every w ∈ Ω. Given a Radon nonnegative finite operator L (H ) valued
measure Λ : B(Ω)→ L (H ) such that Λ admits a Radon-Nikody´m decomposition as dΛ =
Gdλ , consider the operator valued kernel
P : X×X →L (H ), P(x,y) =
∫
Ω
pw(x,y)dΛ(w),
and for every v ∈ H \ {0} the scalar valued kernels and the scalar valued nonnegative finite
Radon measures
Pv : X×X → C, Pv(x,y) = 〈P(x,y)v,v〉H
Λv : B(Ω)→ C, Λv(A) = 〈Λ(A)v,v〉H .
Then:
(i) The operator valued kernel P and the scalar valued kernels Pv are well defined and
positive definite.
(ii) The function P : X ×X → L (H ) is bounded and continuous on the norm topology of
L (H ). In particular, HP ⊂C(X ,H ).
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(iii) If the kernel pω is strictly positive definite for every w ∈ Ω, then the operator valued
kernel P is strictly positive definite if and only if all scalar valued projections Pv are
strictly positive definite.
(iv) If the kernel pω is universal for every w ∈ Ω, then the operator valued kernel P is
universal if and only if all the scalar valued kernels Pv are universal.
(v) If X is a locally compact space and the kernel pω is integrally strictly positive definite
for every w ∈ Ω, then the operator valued kernel P is integrally strictly positive definite
if and only if all the scalar valued kernels Pv are integrally strictly positive definite.
Additionally, the equivalences in (iii), (iv) and (v) are also equivalent at Λ(Ω) being a positive
definite operator.
As a direct consequence of Theorem 3.7 to a specific context on Euclidean spaces we have
that:
Corollary 3.8. Let f :Rm →C be a continuous function for which the kernel
(x,y) ∈ Rm×Rm → k(x,y) := f (x− y) ∈ C
is positive definite. If Λ is a finite Radon nonnegative L (H ) valued measure defined on (0,∞)
that admits a Radon-Nikody´m decomposition dΛ = Gdλ , the operator valued kernel
(x,y) ∈ Rm×Rm → P(x,y) :=
∫
(0,∞)
f (w(x− y))dΛ(r) ∈L (H ),
is positive definite, HP ⊂C(Rm,H ) and the following statements are true
(1) If the kernel k is strictly positive definite, the operator valued kernel P is strictly positive
definite if and only if Λ((0,∞)) is positive definite.
(2) If the kernel k is universal, the operator valued kernel P is universal if and only if
Λ((0,∞)) is positive definite.
(3) If the kernel k is integrally strictly positive definite, the operator valued kernel P is
integrally strictly positive definite if and only if Λ((0,∞)) is positive definite.
From this Corollary we obtain a characterization for several families of trace class valued
positive definite radial kernels on Euclidean spaces.
Theorem 3.9. Let F : [0,∞)→L (H ) be an ultraweakly continuous function for which F(0)∈
L (H ) is a trace class operator and the kernel KF,v : R
m×Rm →C given by
KF,v(x,y) := 〈F(‖x− y‖)v,v〉H
is positive definite for every m ∈ N and v ∈H . Then the kernel
KF :R
m×Rm → F(‖x− y‖) ∈L (H )
is positive definite for every m ∈ N, HKF ⊂C(Rm,H ) and the following are equivalent
(i) The kernel K is strictly positive definite.
(ii) The kernel K is universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is non constant.
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Moreover, HKF ⊂ C0(Rm,H ) if and only if for every v ∈ H \ {0} the function t ∈ [0,∞)→
〈F(t)v,v〉H ∈C0([0,∞)). Under this additional hypothesis, the following are equivalent
(i) The kernel K is strictly positive definite.
(ii) The kernel K is C0-universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is nonzero.
In [24], besides the integral representation at Equation 3.5 for the continuous positive definite
radial kernels on all Euclidean spaces, it is also proved a very useful equivalence: a continuous
function f : [0,∞) → R admits an integral representation as Equation 3.5 if and only if the
function g(t) := f (
√
t) is completely monotone, that is g ∈ C∞((0,∞)) and (−1)ng(n)(t) ≥ 0
for every t > 0 and n ∈ N.
Although the class of completely monotone functions has some very important examples, it
has the problem that any function that satisfies it is highly regular and do not have compact
support, which might be troublesome in some applications, as argued in [14]. A continuous
function f : [0,∞)→ R is called ℓ-times completely monotone (ℓ≥ 2) if
(i) f ∈C(ℓ−2)((0,∞));
(ii) f is nonnegative;
(iii) (−1)(ℓ−2) f (ℓ−2)(t) is convex;
(iv) limt→∞ f (t) exists;
Note that a function is completely monotone if and only if is ℓ-times completely monotone
for every ℓ ≥ 2. In [3], [4] it is proved that for a ℓ-times completely monotone function f , the
kernel (x,y) ∈ Rm×Rm → f (‖x− y‖) ∈ R is positive definite for m ≤ 2ℓ− 3. Moreover, a
ℓ-times completely monotone function f can be represented as
f (t) =
∫
[0,∞)
(1− rt)ℓ−1+ dλ (r)
for some finite scalar valued nonnegative finite Radon measure λ on [0,∞). Conversely, ev-
ery function with this representation is also a ℓ-times completely monotone function and the
representation is unique as proved in [32].
Theorem 3.10. Let ℓ ∈ {2,3, · · · ,∞}, F : [0,∞)→ L (H ) be an ultraweakly continuous func-
tion for which Fv is ℓ-times completely monotone for every v∈H and F(0)∈L (H ) is a trace
class operator. Then, the kernel
(x,y) ∈ Rm×Rm → KF(x,y) := F(‖x− y‖) ∈L (H ),
is positive definite for m≤ 2ℓ−3, HKF ⊂C(Rm,H ) and the following are equivalent
(i) The kernel KF is strictly positive definite.
(ii) The kernel KF is universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is non constant.
Moreover, HKF ⊂ C0(Rm,H ) if and only if for every v ∈ H \ {0} the function t ∈ [0,∞)→
〈F(t)v,v〉H ∈C0([0,∞)). Under this addtional hypothesys, the following are equivalent
(i) The kernel KF is strictly positive definite.
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(ii) The kernel KF is C0-universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is nonzero.
We emphasize that the kernel that we define on a ℓ-times completely monotone function
(g(‖x− y‖), on [3], [4]) and the one we define for a completely monotone function (g(‖x−
y‖2), by reescaling [24]) are different. In particular, the set of kernels defined by completely
monotone functions using ‖x− y‖, instead of ‖x− y‖2 is a proper subset from the Schoenberg
result. A characterization of this space and further information can be found in [16].
For the final example of this section, we need the following interesting result.
Lemma 3.11. Let m≥ 2. The kernel
(x,y) ∈ Rm×Rm → Ωmm(x,y) := Ωm(‖x− y‖) ∈ R
is not universal and the kernel
(x,y) ∈ Rm−1×Rm−1 → Ωm−1m (x,y) := Ωm(‖x− y‖) ∈ R
is C∞-universal but it is not C0-universal.
In particular, if a nonzero function f : [0,∞)→R is an element of C2q([0,∞)) and the kernel
(x,y) ∈ Rm×Rm → f (‖x− y‖) ∈ R
is positive definite, then the kernel
(x,y) ∈ Rm−1×Rm−1 → f (‖x− y‖) ∈ R
is Cq-universal.
Theorem 3.12. Let m≥ 2, F : [0,∞)→L (H ) be an ultraweakly continuous function for which
the kernel (x,y) ∈ Rm×Rm → 〈F(‖x− y‖)v,v〉H ∈ C is positive definite for every v ∈H and
F(0) ∈L (H ) is a trace class operator. Then, the kernel
(x,y) ∈ Rm−1×Rm−1 → K(x,y) := F(‖x− y‖) ∈L (H )
is such that HK ⊂C(Rm−1,H ) and the following are equivalent
(i) The kernel K is strictly positive definite.
(ii) The kernel K is universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is non constant.
Theorem 3.9, Theorem 3.10 and Theorem 3.12 still holds true if the finite nonnegative opera-
tor valued measure that uniquely describes F has finite variation and admits a Radon-Nikody´m
decomposition. But, even if the function F as above is complex valued, it is difficult to obtain
the measure that describes F by simply using the function F . By assuming that F(0) is a trace
class operator, the setting allow us to use Lemma A.13. Further, we expect that the trace class
assumption will be more relevant on applications because of Lemma 3.4.
OPERATOR VALUED POSITIVE DEFINITE KERNELS AND DIFFERENTIABLE UNIVERSALITY 15
4. ON DIFFERENTIABLE OPERATOR VALUED UNIVERSAL (AND RELATED) KERNELS
In this section, we first deal with extensions of some well known results related to differen-
tiable positive definite kernels (matrix and scalar valued) to the operator valued context. From
those results we obtain a characterization for differentiable universality on the operator valued
context and we obtain a differentiable version of Theorem 3.7. We finish this section presenting
several families of operator valued kernels for which the differentiable universalities are well
behaved with respect to the scalar valued projections of the kernel, with an emphasis on radial
kernels.
4.1. On differentiable kernels and properties of its RKHS. Throughout this subsection, let
A ⊂ Rm be a compact set for which Int(A ) = A . This condition is not essential for the
development of this subject, but simplifies several arguments. Note that for every open setU ⊂
Rm, there exists a sequence of compact sets An, n ∈ N, such that Int(An) = An ⊂ Int(An+1)⊂
U , and ∪n∈NAn =U . We define
Cq(A ,H ) := {F : A →H | F ∈Cq(Int(A ),H ),α ∈ Zm+, |α| ≤ q,∂ αF = Fα ∈C(A ,H )}
Because Int(A ) = A , the functions Fα are unique and we write ∂
αF(x) even for points in
A \ Int(A ). In particular, Cq(A ,H ) is a vector space and admits a natural complete norm by
setting
‖F‖Cq(A ,H ) :=
|α|≤q
∑
α∈Zm+
sup
x∈A
‖∂ αF(x)‖H =
|α|≤q
∑
α∈Zm+
‖∂ αF‖C(A ,H ).
Similarly, for an open setU ⊂ Rm, the vector spaceCq0(U,H ) admits a natural complete norm
by setting
‖F‖Cq0(U,H ) :=
|α|≤q
∑
α∈Zm+
sup
x∈U
‖∂ αF(x)‖H =
|α|≤q
∑
α∈Zm+
‖∂ αF‖C0(U,H ).
First we prove a differentiable version of Proposition 3.2. This result is a generalization of
Theorem 2.11 in [21] to the operator valued setting.
Proposition 4.1. Let K :U×U →L (H ) be a positive definite kernel. Then HK ⊂Cq(U,H )
if and only if the functions
y ∈U → K(x,y)v ∈Cq(U,H ), for every x ∈U, v ∈H
x ∈U → ∂ β2 [K(x,y)v] = ∂ βy Kyv ∈Cq(U,H ), for every y ∈U, v ∈H , |β | ≤ q.
and for every compact set A ⊂U
‖∂ α1 [∂ β2 [K(x,y)v]]‖H ≤MA ‖v‖, x,y ∈A , |α|, |β | ≤ q, v ∈H
Additionally, the following properties are satisfied
(i) For every y ∈U , v ∈H and |β | ≤ q, ∂ βy Kyv ∈HK.
(ii) If F ∈HK , then F ∈Cq(U,H ) and 〈v,∂ αF(x)〉H = 〈∂ αx Kxv,F〉HK .
(iii) The inclusion-restriction I : HK →Cq(A ,H ) is continuous.
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(iv) For every vα ∈H , |α| ≤ q, the matrix valued kernel
(x,y) ∈ Rm×Rm → 〈∂ α1 [∂ β2 [K(x,y)vβ ]],vα〉H ∈Mℓ(C)
is positive definite.
We emphasize that a kernel does not need to be jointly differentiable in order that HK ⊂
Cq(X ,H ). For instance, the kernel
(x,y) ∈ Rm×Rm → k(x,y) := 〈x,y〉
q
‖x‖2+‖y‖2 ∈ R
is positive definite because k(x,y) =
∫
[0,∞)〈x,y〉ke−r‖x‖
2−r‖y‖2dr and Hk ⊂Cq0(Rm) by Proposi-
tion 4.1, however k /∈Cq,q(Rm×Rm). Also, the linear operator ∂ α1 [∂ β2 K(x,y)] is well defined
and is an element of L (H ) by Proposition 4.1, however we do not expect that the operator
valued kernel is separably differentiable, but we have not found an example for this.
Often we encounter stronger conditions compared to the ones at Proposition 4.1, for instance
that the kernel K ∈Cq,q(U×U,L (H )). On this case, it holds that
∂ α1 [∂
β
2 [K(x,y)v]] = [∂
α
1 ∂
β
2 K(x,y)]v.
Proposition 4.2. Let K :U×U →L (H ) be a positive definite kernel. Then HK ⊂Cq0(U,H )
if and only if the functions
y ∈U → K(x,y)v ∈Cq0(U,H ), for every x ∈U, v ∈H
x ∈U → ∂ β2 [K(x,y)v] = ∂ βy Kyv ∈Cq0(U,H ), for every y ∈U, v ∈H , |β | ≤ q.
and
‖∂ α1 [∂ β2 [K(x,y)v]]‖H ≤M‖v‖, |α|, |β | ≤ q, x,y ∈U, v ∈H .
Additionally, the following properties are satisfied
(i) For every x ∈U , v ∈H and |β | ≤ q, ∂ βy Kyv ∈HK.
(ii) If F ∈HK, then F ∈Cq0(U,H ) and 〈v,∂ αF(x)〉H = 〈∂ αx Kxv,F〉HK .
(iii) The inclusion I : HK →Cq0(U,H ) is continuous.
(iv) For every vα ∈H , |α| ≤ q, the matrix valued kernel
(x,y) ∈ Rm×Rm → 〈∂ α1 [∂ β2 [K(x,y)vβ ]],vα〉H ∈Mℓ(C)
is positive definite.
An immediate generalization of the Arzela`-Ascoli Theorem to the differentiable setting is
that a closed subset B ofCq(A ,H ) is compact if and only if
◦ B isCq-equicontinuous: For every ε > 0 and x ∈A there is open setUx that contains x
for which ‖∂ αF(x)−∂ αF(y)‖H < ε for all F ∈ B, y ∈Ux and |α| ≤ q.
◦ B is Cq-pointwise relatively compact: The set {∂ αF(y),F ∈ B, |α| ≤ q} ⊂ H has
compact closure on the norm topology of H .
Below we prove a differentiable version of Lemma 3.4.
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Lemma 4.3. Let U ⊂Rm be an open set and K :U×U →L (H ) be a positive definite kernel.
Suppose that HK ⊂Cq(U,H ), then
(i) Every bounded set B⊂HK isCq-equicontinuous if and only if K ∈Cq,q(U×U,L (H )).
(ii) If (u,v)∈H ×H →〈[∂ α1 [∂ α2 K(x,x)u]],v〉H ∈C is a trace class operator for every x∈
U and |α| ≤ q, then for every bounded set B⊂HK and y ∈U, the set {∂ αF(y), F ∈
B, |α| ≤ q} ⊂H is Cq-pointwise relatively compact.
In particular, by mixing those two results we obtain that if 〈[∂ α1 [∂ α2 K(x,x)u]],v〉H is a trace
class operator for every x ∈U and |α| ≤ q, then
(iii) The continuous inclusion-restriction I :HK →Cq(A ,H ) is compact for every compact
set A = Int(A ) ⊂U if and only if K ∈Cq,q(U ×U,L (H )). Under this hypothesis,
every closed and bounded set of HK (restricted to A ) is a compact set of C
q(A ,H ).
(iv) If HK ⊂Cq0(U,H ), then the set
BA := B∩ span{Kxv, ,x ∈A ,v ∈H }HK
has compact closure on C0(U,H ) for every bounded set B of HK and compact set
A ⊂U if and only if K ∈ Cq,q(U ×U,L (H )). Under this hypothesis, if B is closed
then BA is a compact set of C
q
0(U,H ).
Definition 4.4. Let U ⊂ Rm be an open set, Ω a locally compact Hausdorff space, p : Ω×U×
U →C∈C0,q,q(Ω×U×U) and λ be scalar valued nonnegative finite Radon measure on Ω. We
say that p is Cq-Dominated with respect to λ if there exists a λ integrable function h : Ω → C
such that
|∂ α1 ∂ β2 pw(x,y)| ≤ |h(w)|
for all x,y ∈ X and |α|, |β | ≤ q.
Note that on the previous definition, if pw is a positive definite kernel for all w, then it is
sufficient to analyze the case x = y and α = β , because the matrix valued kernel presented at
Lemma 4.1 is positive definite. The interest on the previous definition is the following Lemma,
where we obtain an explicit description of the derivatives of an operator valued kernel.
Lemma 4.5. Let Ω be a locally compact space, U ⊂Rm an open set, p :Ω×U×U →C∈C0,q,q
such that the kernels
(x,y) ∈U×U → pw(x,y) := p(w,x,y)
are positive definite for all w ∈ Ω, and Λ : B(Ω) → L (H ) be a Radon nonnegative finite
operator valued measure that admits a Radon-Nikody´m decomposition as dΛ = Gdλ . Suppose
in addition that the function p is Cq-dominated with respect to |Λ|, then the kernels
(x,y) ∈ Rm×Rm → Pα,β (x,y) :=
∫
Ω
∂ α1 ∂
β
2 pw(x,y)dΛ(w) ∈L (H ), |α|, |β | ≤ q
are well defined, Pα,β ∈Cq−|α|,q−|β |(Rm×Rm,L (H )) and
∂ α1 ∂
β
2 P(x,y) = Pα,β (x,y), |α|, |β | ≤ q.
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On the special case where pw(x,y) = e
−iw(x−y), usually it is defined h(w) := ‖w‖2q. Actually,
it can be proved that the integral of |h| with respect to the finite measure ‖G‖L (H )dλ is finite
if and only if the integrals of the functions |∂ α1 ∂ α2 e−iw(x−y)| = |w2α | with respect to the finite
measure ‖G(w)‖L (H )dλ are finite, for all |α|= p. In other words, the fact that the kernels Pα,β
are well defined (in the sense that are defined by a Bochner integral) implies the differentiation
properties, which does not hold on the general setting. On the following result we prove a
similar property for the kernels presented at Corollary 3.8 based on the main result of [17].
Lemma 4.6. Let f : Rm → C be a non constant function in C2q(Rm) that defines a positive
definite kernel on the Bochner’s sense. If λ is a scalar valued nonnegative finite Radon measure
on [0,∞), then the kernel
(x,y) ∈ Rm×Rm → p(x,y) :=
∫
[0,∞)
f (w(x− y))dλ (w) ∈ C
is an element of Cq,q(Rm×Rm) if and only if∫
[0,∞)
w2qdλ (w)< ∞.
Moreover
∂ α1 ∂
β
2 p(x,y) =
∫
[0,∞)
∂ αx ∂
β
y f (w(x− y))dλ (w)
and ∂ α1 ∂
β
2 p(x,x) = (−1)|β | f (α+β )(0)
∫
[0,∞)w
|α|+|β |dλ (w)
4.2. Characterization of differentiable universality. The analysis of Cq-universal and C
q
0-
universal kernels follows a similar path as the universality on C(U,H ) and C0(U,H ). The
linear operator
F ∈Cq(A ,H )→ ∂F := (∂ αF)|α|≤q ∈ ∏
|α|≤q
C(A ,H )
is a continuous isometry (on the product space we are defining the sum norm). If T :Cq(A ,H )→
C is a continuous operator, by a very famous consequence of the Hanh-Banach Theorem there
exists a continuous linear operator J : ∏|α|≤qC(A ,H )→ C such that J(∂ (F)) = T (F) for all
F ∈Cq(A ,H )).
But J((φα)|α|≤q) = ∑|α|≤q J(φα), where we made the abuse of notation (φα)β =: δα,β φα . In
other words, φα ∈ ∏|α|≤qC(A ,H ), but except for the coordinate α it is the zero function on
C(A ,H ). By the choice of the norms we are working, J(φα) is a continuous linear functional
defined on C(A ,H ), by Theorem 3.1, there exists a measure ηα ∈M(A ,H ) for which
J(φα) =
∫
A
〈φα(x),dηα(x)〉.
In particular, we obtain that
T (F) = J(∂ (F)) = J((∂ αF)|α|≤q) = ∑
|α|≤q
J(∂ αF) = ∑
|α|≤q
∫
A
〈∂ αF(x),dηα(x)〉.
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And conversely, if ηα ∈M(A ,H ), α ∈ Zm+ and |α| ≤ q, the linear operator
T (F) = ∑
|α|≤q
〈∂ αF(x),dηα(x)〉.
is continuous. A similar reasoning can be done for the continuous linear functionals inC0(U,H ).
This proves the following Corollary of Theorem 3.1.
Corollary 4.7. Let A ⊂ U be a compact set for which Int(A ) = A (U ⊂ Rm an open set)
and L : Cq(A ,H ) → C (L : Cq0(U,H ) → C) be a continuous linear functional. Then for
each α ∈ Zm+ and |α| ≤ q there exists a Radon measure of bounded variation ηα ∈M(A ,H )
(M(U,H )) for which
L(F) = ∑
|α|≤q
∫
A
〈∂ αF(x),dηα(x)〉, L(F) = ∑
|α|≤q
∫
U
〈∂ αF(x),dηα(x)〉.
In order to simplify the notation, we say that η ∈Mq(U,H ) if η = (ηα)|α|≤q and each ηα ∈
M(U,H ) (similar for a compact set A ). For an element η ∈Mq(U,H ) (η ∈Mq(A ,H ))
and a function F ∈Cq0(U,H ) (F ∈Cq(A ,H )) we use the following symbology two simplify
the writing ∫
〈∂F(x),dη(x)〉 := ∑
|α|≤q
∫
〈∂Fα(x),dηα(x)〉.
We remark that Corollary 4.7 does not mean thatMq(U,H )(Mq(A ,H )) is the actual dual
space of C
q
0(U,H )(C
q(A ,H )), on an isometric sense. This can be seen by the fact that
{∂F,F ∈Cq0(U,H )} is not dense in ∏|α|≤qC0(U,H ) (similar for a compact set A ).
As a consequence, when we prove a result regarding Cq-universality or C
q
0-universality, an
additional step, compared to Theorem 11 of [6], is necessary. The next Lemma is a differen-
tiable version of Theorem 11 of [6].
Lemma 4.8. Let K :U ×U →L (H ) be a positive definite kernel such that HK ⊂Cq0(U,H )
(HK ⊂Cq(U,H )). The kernel K is Cq0-universal (Cq-universal) if and only if a measure η ∈
M
q(U,H ) (for every compact set A for which A = Int(A ) and η ∈Mq(A ,H )) such that∫
〈∂1(K(x,y)v),dη(x)〉= 0
for all y ∈U and v ∈H satisfies ∫
〈∂F,dη(x)〉= 0
for all F ∈Cq0(U,H ) (for all F ∈Cq(A )).
The next Theorem is a differentiable version of Theorem 3.3
Theorem 4.9. Let K :U×U →L (H ) be a positive definite kernel such that HK ⊂Cq0(U,H )
(HK ⊂Cq(U,H )). Then
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(i) For every η = (ηα)|α|≤q ∈Mq(U,H ) (for any compact A ⊂U with Int(A ) =A and
η ∈Mq(A ,H )) the function Kη :U →H , defined as
y ∈U → Kη(y) := ∑
|α|≤q
∫
∂ α1 K(x,y)dηα(x) ∈H
is an element of HK .
(ii) For every |β | ≤ q it holds that
∂ βKη(y) = ∑
|α|≤q
∫
∂ α1 [∂
β
2 K(x,y)]dηα(x)
(iii) The following equality holds
〈Kη ,Kη〉HK = ∑
|α|,|β |≤q
∫
〈
∫
∂ α1 [∂
β
2 K(x,y)]dηα(x),dηβ (y)〉,
and if dηα = Hαd|η| is a Radon-Nikody´m decomposition for all measures ηα , then
〈Kη ,Kη〉HK = ∑
|α|,|β |≤q
∫ ∫
〈∂ α1 [∂ β2 K(x,y)]Hβ (y),Hα(x)〉H d|η|(x)d|η|(y).
(iv) The kernel isC
q
0-universal (C
q-universal) if and only if 〈Kη ,Kη〉> 0 for all η ∈Mq(U,H )
(η ∈Mq(A ,H )) such that the continuous linear functional in Cq0(U,H ) (Cq(A ,H ))∫
〈∂F(x),dη(x)〉= ∑
|α|≤q
∫
〈∂ αF(x),dηα(x)〉
is nonzero.
Similar to theC0-universal case, to verify if HK ⊂C0(U,H )might be very complicated, but
the analysis of the double sum of the double integrals at relation (iii) in Theorem 4.9 can be
easier. Then, if a positive definite kernel K :U ×U → L (H ) ∈Cq,q(U×U,L (H )) is such
that the functions
x ∈U →‖∂ α1 ∂ α2 K(x,x)‖L (H ) ∈ C
are bounded for every |α| ≤ q, we say that K is Cq-integrally strictly positive definite if a
measure η ∈Mq(U,H ) that satisfies
∑
|α|,|β |≤q
∫
〈
∫
∂ α1 [∂
β
2 K(x,y)]dηα(x),dηβ (y)〉= 0
the continuous linear functional in C
q
0(U,H )
F →
∫
〈∂F(x),dη(x)〉= ∑
|α|≤q
∫
〈∂ αF(x),dηα(x)〉 ∈ C
is zero.
Now we specialize Theorem 3.7 to the differentiable setting.
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Theorem 4.10. Let U ⊂ Rm be an open set, Ω a locally compact Hausdorff space, p : Ω×U×
U → C ∈C0,q,q such that the kernel
(x,y) ∈U×U → pω(x,y) := p(ω,x,y),
is positive definite for all w ∈ Ω. Given a Radon nonnegative finite operator L (H ) val-
ued measure Λ : B(Ω) → L (H ) such that Λ admits a Radon-Nikody´m decomposition as
dΛ = Gdλ , assume that p is Cq-Dominated with respect to ‖G‖L (H )dλ = d|Λ|. Consider the
operator valued kernel
P :U×U →L (H ), P(x,y) =
∫
Ω
pw(x,y)dΛ(w),
for every v ∈H \{0} the scalar valued kernels and the scalar valued nonnegative finite Radon
measures
Pv :U×U → C, Pv(x,y) = 〈P(x,y)v,v〉H
Λv : B(Ω)→ C, Λv(A) = 〈Λ(A)v,v〉H .
Then:
(i) The function P :U×U →L (H ) is well defined and belongs to Cq,q(U×U,L (H )).
In particular, HP ⊂Cq(U,H ).
(iii) If the kernel pω(x,y) is C
q-universal for every w ∈Ω, then the operator valued kernel P
is Cq-universal universal if and only if all the scalar valued kernels Pv are C
q-universal.
(iii) If the kernel pω(x,y) is C
q-integrally strictly positive definite for every w ∈ Ω, then the
operator valued kernel P is Cq integrally strictly positive definite if and only if all the
scalar valued kernels Pv are C
q integrally strictly positive definite.
Additionally, the equivalences in (ii) and (iii) are also equivalent at all scalar valued measures
Λv being nonzero.
4.3. Kernels on Euclidean spaces. In this subsection, we obtain several consequences of The-
orem 4.10 for several trace class valued families of positive definite kernels on Euclidean spaces,
with an emphasis on radial kernels.
First, we obtain a version of Corollary 3.8 to the differentiable setting.
Corollary 4.11. Let f ∈C2q(Rm) be a function for which the kernel
(x,y) ∈ Rm×Rm → k(x,y) := f (x− y) ∈ C
is positive definite. Given a Radon nonnegative finite operator L (H ) valued measure Λ :
B((0,∞))→L (H ) such that Λ((0,∞)) is a trace class operator, consider the operator valued
kernel
P : Rm×Rm →L (H ), P(x,y) =
∫
(0,∞)
f (w(x− y))dΛ(w),
and for every v ∈ H \ {0} the scalar valued kernels and the scalar valued nonnegative finite
Radon measures
Pv : R
m×Rm → C, Pv(x,y) = 〈P(x,y)v,v〉H
Λv : B((0,∞))→C, Λv(A) = 〈Λ(A)v,v〉H .
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If (TrP) ∈C2q(Rm) then
(i) The kernel P ∈Cq,q(Rm×Rm,L (H )) and HP ⊂Cq(Rm,H ).
(iii) If the kernel k is Cq-universal then the operator valued kernel P is Cq-universal univer-
sal if and only if all scalar valued kernels Pv are C
q-universal.
(iii) If the kernel k is Cq-integrally strictly positive definite, then the operator valued kernel
P is Cq-integrally strictly positive definite if and only if all scalar valued kernels Pv are
Cq-integrally strictly positive definite.
Additionally, the equivalences in (ii) and (iii) are also equivalent at all scalar valued measures
Λv being nonzero.
Again, we emphasize that Corollary 4.11 is also valid if Λ is a measure of bounded variation
that admits a Radon-Nikody´m decomposition dΛ = Gdλ and
∫
w2q‖G(w)‖dλ < ∞. On the
proof of the Corollary 4.11 this property is obtained from the hypothesis that (TrP)∈C2q(Rm).
We finish this subsection with three examples of families of operator valued positive def-
inite radial kernels where the differentiable universalities are preserved by the scalar valued
projections of the kernel as a consequence of Corollary 4.11. The first one is a continuation of
Theorem 3.9.
Theorem 4.12. Let q ∈ Z+, F : [0,∞)→ L (H ) be an ultraweakly continuous function for
which F(0) is a trace class operator, (TrF) ∈C2q([0,∞)) and the kernels
(x,y) ∈ Rm×Rm → 〈F(‖x− y‖)v,v〉H ∈ C,
are positive definite for every m ∈ N, v ∈H . Then the kernel
(x,y) ∈ Rm×Rm → KF(x,y) := F(‖x− y‖) ∈L (H )
is positive definite, HKF ⊂Cq(Rm,H ) and the following are equivalent
(i) The kernel KF is strictly positive definite.
(ii) The kernel KF is C
q-universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is non constant.
Moreover, HKF ⊂ C0(Rm,H ) if and only if for every v ∈ H \ {0} the function t ∈ [0,∞)→
〈F(t)v,v〉H ∈C0([0,∞)). Under this additional hypothesys, the following are equivalent
(i) The kernel KF is strictly positive definite.
(ii) The kernel KF is C
q
0-universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is nonzero.
The second is the operator valued generalization of the Askey class, a continuation of Theo-
rem 3.10.
Theorem 4.13. Let F : [0,∞)→L (H ) be an ultraweakly continuous function for which F(0)
is a trace class operator, (TrF) ∈ C(2q)([0,∞)), Fv is ℓ-times completely monotone for every
v ∈H and q≤ (ℓ−2)/2. Then the kernel
(x,y) ∈ Rm×Rm → KF(x,y) := F(‖x− y‖) ∈L (H ),
is positive definite for m≤ 2ℓ−3, HKF ⊂Cq(Rm,H ) and the following are equivalent
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(i) The kernel KF is strictly positive definite.
(ii) The kernel KF is C
q-universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is non constant.
Moreover, HKF ⊂ C0(Rm,H ) if and only if for every v ∈ H \ {0} the function t ∈ [0,∞)→
〈F(t)v,v〉H ∈C0([0,∞)). Under this additional hypothesys, the following are equivalent
(i) The kernel KF is strictly positive definite.
(ii) The kernel KF is C
q
0-universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is nonzero.
And the last result is a differentiable version of Theorem 3.12.
Theorem 4.14. Let m ≥ 2, F : [0,∞) → L (H ) be an ultraweakly continuous function for
which F(0) is a trace class operator, (TrF) ∈C(2q)([0,∞)), and the kernel (x,y) ∈ Rm×Rm →
〈F(‖x− y‖)v,v〉H is positive definite for every v ∈H . Consider the kernel
(x,y) ∈ Rm−1×Rm−1 → P(x,y) := F(‖x− y‖) ∈L (H ),
then P is positive definite, HP ⊂Cq(Rm,H ) and the following statements are equivalent
(i) The kernel P is strictly positive definite.
(ii) The kernel P is Cq-universal.
(iii) For every v ∈H \{0} the function t ∈ [0,∞)→ 〈F(t)v,v〉H is non constant.
5. PROOFS
5.1. Section 3.
Proof of Theorem 3.3 . We focus all the arguments on theC0 case, being the other similar. Note
that for every η ∈M(Z,H ) the linear functional
F ∈HK →
∫
Z
〈F(x),dη(x)〉 ∈ C
is continuous. Indeed, it is the composition of the continuous operators I : HK → C0(Z,H )
(Proposition 3.2) with the integral of a measure inM(Z,H )(Theorem 3.1). But then, the Riesz
Representation Theorem for Hilbert spaces implies that there exists a function Kη ∈ HK for
which
∫
Z〈F(x),dη(x)〉= 〈F,Kη〉HK for all F ∈HK. In particular
〈v,Kη(y)〉H = 〈Kyv,Kη〉HK =
∫
Z
〈K(x,y)v,dη(x)〉.
The weak-Bochner integral characterization Kη(y) =
∫
ZK(x,y)dη(x) holds because the linear
functional v ∈H → ∫Z〈K(x,y)v,dη(x)〉 ∈ C is continuous. This proves (i).
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As for the proof of (ii), by Lemma A.12 we have that
〈Kη ,Kη〉HK =
∫
Z
〈Kη(x),dη(x)〉=
∫
Z
〈Kη(x),H(x)〉H d|η|(x)
=
∫
Z
〈H(x),Kη(x)〉H d|η|(x) =
∫
Z
[∫
Z
〈K(y,x)H(x),dη(y)〉
]
d|η|(x)
=
∫
Z
[∫
Z
〈K(y,x)H(x),H(y)〉H d|η|(y)
]
d|η|(x)
=
∫
Z
∫
Z
〈H(y),K(y,x)H(x)〉H d|η|(y)d|η|(x)
=
∫
Z
∫
Z
〈K(x,y)H(y),H(x)〉H d|η|(x)d|η|(y)
Where dη = Hd|η|. Since H is Bochner integrable and x ∈ Z→‖K(x,x)‖H ∈ C is a bounded
function, it is possible to reverse the order of integration by Fubinni-Tonelli.
Finally (iii) holds true because HK is a reproducing kernel Hilbert space, so 〈Kη ,Kη〉HK = 0 if
and only if Kη(y) = 0 for all y ∈ Z, Theorem 11 of [6] for the universal case and Equation 3.4
for theC0-universal case concludes the proof. 
Proof of Lemma 3.4. If the kernel is continuous andB⊂HK is a bounded set, then the equicon-
tinuity follows from the inequality.
‖F(x)−F(y)‖H ≤ ‖F‖HK(‖K(x,x)−K(x,y)−K(y,x)+K(y,y)‖L (H ))1/2.
Conversely, fix arbitrary x,y ∈ Z. By Proposition 3.2, there are open sets U and V of Z,
that contains x and y respectively, for which supz∈U∪V ‖K(z,z)‖L (H ) < ∞. Then, the set
B := {Kzv, z ∈ U ∪V,‖v‖H = 1} ⊂ HK is bounded and by the hypothesis is equicontinu-
ous. In particular, for every ε > 0 there exists open sets Ux and Uy of Z, that contains x and y
respectively, for which
‖K(w,z)v−K(x,z)v‖H = ‖[Kzv](w)− [Kzv](x)‖H < ε, w ∈Ux,z ∈U ∪V,‖v‖H = 1
‖K(w,z)v−K(y,z)v‖H = ‖[Kzv](w)− [Kzv](y)‖H < ε, w ∈Uy,z ∈U ∪V,‖v‖H = 1
Then
‖K(x,y)−K(x′,y′)‖L (H ) ≤ ‖K(x,y)−K(x′,y)‖L (H )+‖K(y,x′)−K(y′,x′)‖L (H ) < 2ε,
for all x′ ∈U ∩Ux and y ∈V ∩Uy, which proves relation (i). As for the proof of (ii), note that
|〈eµ ,F(y)〉H | ≤ ‖F‖HK
√
〈K(y,y)eµ ,eµ〉H ,
since ∑µ∈I (
√〈K(y,y)eµ ,eµ〉H )2 = Tr(K(y,y))<∞, the set {F(y),F ∈ B} ⊂H has compact
closure on the norm topology of H .
Now we prove (iii). By definition, the inclusion-restriction is a compact operator if and only
if for every bounded set B ⊂ HK (restricted to A ) has compact closure on C(A ,H ). By the
Arzela`-Ascoli Theorem this occurs if and only if the set B(restricted to A ) is equicontinuous
and pointwise relatively compact, the conclusion follows from (i), (ii) and the locally compact
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assumption on Z. The second part of (iii) is a consequence from the fact that closed sets on
HK(restricted to A ) are closed onC(A ,H ).
The proof of (iv) is similar to the previous ones, we just emphasize that the importance of the
compact set A is to ensure that BA is equicontinuous at the infinity point of Z. 
Proof of Example 3.5. Indeed, let φ1,φ2 ∈ C∞c (Rm) be two non zero radial functions that are
linearly independent. Define the kernel K : Rm×Rm →M2(C) by
K(x,y) :=
∫
Rm
e−i(x−y)·ξ
(
|φ̂2(ξ )|2 −φ̂2(ξ )φ̂1(ξ )
−φ̂1(ξ )φ̂2(ξ ) |φ̂1(ξ )|2
)
dξ .
The kernel K is well defined, continuous, it is radial because φ1,φ2 are radial functions and is
positive definite because the matrix(
|φ̂2(ξ )|2 −φ̂2(ξ )φ̂1(ξ )
−φ̂1(ξ )φ̂2(ξ ) |φ̂1(ξ )|2
)
is positive semidefinite for every ξ ∈ Rm. For every v ∈ C2 \{0} the kernel Kv is C∞0 -universal
because
Kv(x− y) =
∫
Rm
e−i(x−y)·ξ |v1φ̂2(ξ )− v2φ̂1(ξ )|2dξ ,
being the C∞0 -universality a consequence of Theorem 17 of [25] since the scalar valued non-
negative finite Radon measure |v1φ̂2(ξ )− v2φ̂1(ξ )|2dξ has positive measure on any open set
of Rm and all of its moments are finite. Finally, the matrix valued kernel is not universal, be-
cause the scalar valued nonnegative finite Radon measures dη1(ξ ) := φ1(−ξ )dξ and dη2(ξ ) :=
φ2(−ξ )dξ have compact support and if η = (η1,η2)∫
Rm
〈
∫
Rm
K(x,y)dη(x),dη(y)〉=
2
∑
µ,ν=1
∫
Rm
∫
Rm
Fµ,ν(x− y)dηµ(y)dην(x)∫
Rm
(
|φ̂2|2|φ̂1|2− φ̂2φ̂1φ̂1φ̂2− φ̂2φ̂1φ̂1φ̂2+ |φ̂1|2|φ̂2|2
)
dξ = 0

Proof of Example 3.6. Since for every x ∈ Rm
e−‖x‖
2
:=
∫
Rm
e−ix·ξ
1
2mpim/2
e−‖ξ‖
2/4dξ ,
we have that
K(x,y) =
∫
Rm
e−i(x−y)·ξ
[
1
2mpim/2
e−‖ξ‖
2/4
(
1 e−iw·ξ
eiw·ξ 1
)
dξ
]
.
The function
ξ ∈ Rm →G(ξ ) := 1
2mpim/2
e−‖ξ‖
2/4
(
1 e−i2w·ξ
ei2wξ 1
)
∈M2(C)
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is continuous and positive semidefinite on every point. By relation (i) at Theorem 3.7, the kernel
K is positive definite. Choosing the points x1 = 0, x2 = 2w, the matrix
[K(xµ ,xν)]
2
µ,ν=1 =

1 e−‖2w‖2 e−‖2w‖2 1
e−‖2w‖2 1 e−‖4w‖2 e−‖2w‖2
e−‖2w‖2 e−‖4w‖2 1 e−‖2w‖2
1 e−‖2w‖2 e−‖2w‖2 1
 ∈M4(C)
is not positive definite, which implies that the kernel K is not strictly positive definite, hence
it is not universal. The set HK is a subset of C0(R
m,C2), because it satisfies the conditions at
Proposition 3.2. But for every v ∈ C2 \{0}
Kv(x− y) =
∫
Rm
e−i(x−y)·ξ
1
2mpim/2
e−‖ξ‖
2/4|v1e−iw·ξ + v2eiw·ξ |2dξ ,
note that the complex valued nonnegative finite measure e−‖ξ‖
2/4|v1e−iw·ξ + v2eiw·ξ |2dξ has
positive measure on any open subset of Rm (by Lemma 6.7 of [31]) and all of its moments are
finite, which by Theorem 17 of [25], the kernel Kv isC
∞
0 universal. 
Below we prove a technical result in order to simplify some arguments on the proof of The-
orem 3.7
Lemma 5.1. Let X be a locally compact Hausdorff space and p : X ×X → C be a continuous
and bounded positive definite kernel. Given a scalar valued nonnegative finite Radon measure
λ and a Borel Bochner measurable function H : X →H that is integrable with respect to λ on
X. Then, for every positive semidefinite operator T ∈L (H ), we have that∫
X
∫
X
p(x,y)〈TH(y),H(x)〉H dλ (x)dλ (y)≥ 0
Proof. First, note that this double integral exists because
|p(x,y)〈TH(y),H(x)〉H | ≤M‖T‖L (H )‖H(x)‖H ‖H(y)‖H .
Let T 1/2 be the positive semidefinite square root of the operator T , then by adding coordinates∫
X
∫
X
p(x,y)〈TH(y),H(x)〉H dλ (x)dλ (y)(y)
=
∫
X
∫
X
p(x,y)〈T 1/2H(y),T 1/2H(x)〉H dλ (x)dλ (y)(y)
=
∫
X
∫
X
p(x,y) ∑
µ∈I
(T 1/2H(y))µ(T 1/2H(y))µdλ (x)dλ (y)(y)
= ∑
µ∈I
∫
X
∫
X
p(x,y)λµ(x)dλµ(y)≥ 0
where dλµ(y) = (T
1/2H(y))µdλ (y) is a finite scalar valued Radon measure on X and the last
inequality follows because for every µ ∈I it holds that 〈Kλµ ,Kλµ 〉Hp ≥ 0 by the scalar valued
version of relation (ii) at Theorem 3.3 
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Before proving Theorem 3.7, we need a scalar valued version of it.
Theorem 5.2. Let X and Ω be Hausdorff spaces, with Ω being locally compact and
p : Ω×X×X →C be a bounded continuous function such that the kernel
(x,y) ∈ X×X → pω(x,y) := p(ω,x,y)
is positive definite for every w ∈ Ω. Given a scalar valued nonnegative finite Radon measure λ
on Ω, consider the kernel
P : X×X → C, P(x,y) =
∫
Ω
pw(x,y)dλ (w).
Then:
(i) The kernel P is positive definite.
(ii) The kernel P is continuous, and in particular HK ⊂C(X).
(iii) If the kernel pω is strictly positive definite for every w ∈ Ω, then the kernel P is strictly
positive definite if and only if the measure λ is nonzero.
(iv) If the kernel pω is universal for every w ∈ Ω, then the kernel P is universal if and only
if the measure λ is nonzero.
(v) If the kernel pω is integrally strictly positive definite for every w ∈ Ω, then the kernel P
is integrally strictly positive definite if and only if the measure λ is nonzero.
Proof. Relation (i) is immediate and relation (ii) can be proved by the same arguments as the
proof of relation (ii) in Theorem 3.7.
Relation (iii) is valid because if x1, . . . ,xn are distinct points in X and c1, . . . ,cn ∈ C, but not all
of them are null, we have that for every w∈Ω, ∑ni, j=1 cic jpw(xi,x j)> 0, and this is a continuous
function on the variable w. But then, if
0=
n
∑
i, j=1
cic jP(xi,x j) =
∫
Ω
n
∑
i, j=1
cic jpw(xi,x j)dλ (w)
then λ is the zero measure.
Now we prove (iv). Let η ∈M(X) be a scalar valued nonnegative finite Radon measure of
compact support. Then
0=
∫
X
∫
X
P(x,y)dη(y)dη(x) =
∫
X
∫
X
∫
Ω
pw(x,y)dλ (w)dη(y)dη(x)
=
∫
Ω
∫
X
∫
X
pw(x,y)dη(y)dη(x)dλ (w).
The integral and the change of order are possible, because η has compact support and∫
Ω
∫
X
∫
X |pw(x,y)|d|η|(x)d|η|(y)dλ (w)< ∞. But since pw is an universal kernel for all w ∈ Ω,
if η is non zero, we have that∫
X
∫
X
pw(x,y)dη(y)dη(x)> 0, w ∈ Ω
but then, the triple integral is zero if and only if the measure λ is zero, which proves our claim.
The proof of (v) is identical to the proof of (iv). 
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On the following result, we prove that if an operator valued positive definite kernel has a
property, then all of its scalar valued projections also have the same property.
Lemma 5.3. Let X be a Hausdorff space and K : X × X → L (H ) be an operator valued
strictly positive definite (universal) kernel. Then for every v ∈H \{0} the scalar valued kernel
(x,y) ∈ X×X → Kv(x,y) := 〈K(x,y)v,v〉H ∈ C
is strictly positive definite (universal). In addition, if X is locally compact and the operator
valued kernel K is C0-universal (integrally strictly positive definite) then the complex valued
kernels Kv are C0-universal (integrally strictly positive definite).
Proof. We focus the proof on the universality case, being the other arguments similar. Being
the kernel K universal, if η ∈M(X ,H ) has compact support and∫
X
〈
∫
X
K(x,y)dη(x),dη(y)〉= 0 ∈ C
then η is the zero measure. Then, given a nonzero vector v ∈ H , if λ ∈M(X) has compact
support and satisfies ∫
X
∫
X
Kv(x,y)dλ (y)dλ(x) = 0,
define the H valued Radon measure of bounded variation dη = vdλ ∈ M(X ,H ), and by
Lemma A.12
0=
∫
X
∫
X
Kv(x,y)dλ (y)dλ(x) =
∫
X
〈K(x,y)v,v〉H dλ (y)dλ (x) =
∫
X
〈
∫
X
K(x,y)dη(x),dη(y)〉.
This can only occur if λ is the zero measure, then the kernel Kv is universal. 
Proof of Theorem 3.7. In order to simplify some expressions, we suppose that the function p
is bounded by 1. We skip the proof of (i) because the argument is similar to the one we use
in (iii). As for (ii), we focus on the continuity, being the boundedness an easier and similar
argument. We have that
|〈[P(x,y)−P(x′,y′)]u,v〉H |= |〈
∫
Ω
[pw(x,y)− pw(x′,y′)]〈G(w)u,v〉H dλ (w)|
≤ ‖u‖H ‖v‖H
∫
Ω
|pw(x,y)− pw(x′,y′)|‖G(w)‖L (H )dλ (w)
Since Λ is a Radon measure on Ω, for every ε > 0 there exists a compact set C ⊂ Ω for which
|Λ|(Ω−C )< ε . On the other hand, since C ×{x}×{y} is a compact set and p is continuous,
there exists open neighborhoods of x and of y for which |pw(x,y)− pw(x′,y′)| < ε for all x′, y′
on the open neighborhoods of x and y respectively and w ∈ C . Gathering these information, we
obtain that
‖P(x,y)−P(x′,y′)‖L (H ) < ε(|Λ|(C )+2)
which proves the continuity on the operator norm. The fact that HK ⊂ C(X ,H ) is a direct
consequence of the continuity on the operator norm and Proposition 3.2.
As for (iii), a measure Λv is nonzero if and only if Pv is strictly positive definite by Theorem
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5.2. Now, suppose that all measures Λv are nonzero and let x1, . . . ,xn be distinct points in X and
v1, . . . ,vn ∈H such that
0=
n
∑
i, j=1
〈P(xi,x j)vi,v j〉H =
n
∑
i, j=1
∫
Ω
pw(xi,x j)〈G(w)vi,v j〉H dλ (w)
But since
n
∑
i, j=1
pw(xi,x j)〈G(w)vi,v j〉H ≥ 0, w ∈ Ω
and the measure λ is nonnegative, this double sum must be equal to 0 almost everywhere on
λ . The matrix [〈G(w)vi,v j〉H ]ni, j=1 is positive semidefinite by Lemma A.9. After using an
argument involving the Gram representation of this matrix and the fact that the kernel pw is
strictly positive definite for every w ∈ Ω, we obtain that
〈G(w)vi,vi〉H = 0, 1≤ i≤ n
almost everywhere on λ , and then 〈Λ(A)vi,vi〉H =
∫
A〈G(w)vi,vi〉H dλ (w) = 0 for every Borel
measurable set A, so we must have that all vectors vi are zero and the kernel is strictly positive
definite. The remaining implication is a consequence of Lemma 5.3.
The proof of (iv) is a bit longer. A measure Λv is nonzero if and only if Pv is universal by
Theorem 5.2. Now assume that all measures Λv are nonzero. Let η ∈M(X ,H ) be a finite
Radon measure with bounded variation and compact support such that∫
X
〈
∫
X
P(x,y)dη(x),dη(y)〉= 0 ∈ C
Since every Hilbert valued measure of bounded variation admits a Radon-Nikody´m decomposi-
tion, (explained at the comments after Definition A.8), if a measure η satisfy this requirements,
there exists a Bochner measurable function H : X →H , Bochner integrable with respect to |η|
such that η = Hd|η|. By Lemma A.12 and the arguments presented on the proof of Theorem
3.3 we have that
0=
∫
Ω
∫
X
∫
X
pw(x,y)〈G(w)H(y),H(x)〉H d|η|(x)d|η|(y)dλ (w)
The kernel defined by pw is positive definite and bounded for every w ∈ Ω and the function H
is Bochner integrable with respect to |η|, so by Lemma 5.1, for every w ∈ Ω
(5.6)
∫
X
∫
X
pw(x,y)〈G(w)H(y),H(x)〉H d|η|(x)d|η|(y)≥ 0.
Since λ is a nonnegative measure, the double integral in Equation 5.6 is zero λ almost ev-
erywhere. Let G1/2(w) be the unique positive semidefinite square root of the operator G(w),
then
0=
∫
X
∫
X
pw(x,y)〈G(w)H(y),H(x)〉H d|η|(x)d|η|(y)
=
∫
X
∫
X
pw(x,y)〈G1/2(w)H(y),G1/2(w)H(x)〉H d|η|(x)d|η|(y).
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Adding coordinates, we get that
0=
∫
X
∫
X
pw(x,y)〈G(w)H(y),H(x)〉H d|η|(x)d|η|(y)
=
∫
X
∫
X
pw(x,y)
(
∑
µ∈I
[G1/2(w)H(y)]µ [G1/2(w)H(x)]µ
)
d|η|(x)d|η|(y)
= ∑
µ∈I
∫
X
∫
X
pw(x,y)[G
1/2(w)H(y)]µ [G1/2(w)H(x)]µd|η|(x)d|η|(y).
The third equality is a consequence of the Lebesgue Dominated Convergence Theorem for
nonnegative complex valued measures. But then, we must have that∫
X
∫
X
pw(x,y)[G
1/2(w)H(y)]µ [G1/2(w)H(x)]µd|η|(x)d|η|(y) = 0, µ ∈I
λ almost everywhere (all the remaining equalities and properties we present that depends on
w holds λ almost everywhere, but we do not specify that to simplify the reading). But since
[G1/2(w)H(y)]µd|η| is a scalar valued finite Radon measure of compact support on X , and
0=
∫
X
∫
X
pw(x,y)[G
1/2(w)H(y)]µ [G1/2(w)H(x)]µd|η|(x)d|η|(y)∫
X
∫
X
pw(x,y)d([G
1/2(w)H(y)]µ |η|(y))d([G1/2(w)H(x)]µ |η|)(x), µ ∈I
the fact that pw is an universal kernel for every w ∈ Ω and Theorem 3.3 on the complex valued
case, implies that the measure [G1/2(w)H]µd|η| is the zero measure. In particular, for every
Borel measurable set A⊂ X and x ∈ X∫
A
〈G(w)H(y),H(x)〉H d|η|(y) = ∑
µ∈I
[G1/2(w)H(x)]µ
∫
A
[G1/2(w)H(y)]µd|η|(y) = 0.
But on the other hand, since H is Bochner integrable with respect to |η|, it is valid that
〈G(w)η(A),H(x)〉H =
∫
A
〈G(w)H(y),H(x)〉H d|η|(y) = 0,
and then
〈G(w)η(A),η(A)〉H =
∫
A
〈G(w)η(A),H(x)〉H d|η|(x) = 0.
Finally, integrating this over Ω, we obtain that
〈Λ(Ω)η(A),η(A)〉H =
∫
Ω
〈G(w)η(A),η(A)〉H dλ (w) = 0.
By the hypothesis on the operator Λ(Ω), we must have that η(A) = 0 ∈ H , since A was an
arbitrary Borel measurable set, the measure η is the zero measure, which implies that the kernel
P is universal by Theorem 3.3. The remaining implication is a consequence of Lemma 5.3
The proof of (v) follows the same arguments as the proof of (iv), without the assumption that
η has compact support. 
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Proof of Corollary 3.8. The function
p(w,x,y) = f (w(x− y)) ∈C([0,∞)×Rm×Rm),
is bounded by f (0) and for every w ∈ (0,∞) the kernel pw is positive definite, so the statements
on the Corollary are a direct consequence of Theorem 3.7. 
Before proving Theorem 3.9 and Theorem 3.10, we need a result that connect the scalar
valued projections of an operator valued function and the function itself, concerning the ℓ-times
completely monotone property in a similar way as presented in [23].
Lemma 5.4. Let F : [0,∞)→L (H ) be an ultraweakly continuous function and ℓ∈ {2, . . . ,∞}.
Then Fv is l-times completely monotone for all v ∈ H if and only if there exists a weak∗ non-
negative finite L (H ) valued measure Λ for which the weak∗ integral representation holds
F(t) =
∫
[0,∞)
hℓ(rt)dΛ(r)
where hℓ(t) := (1− t)ℓ−1+ for ℓ ∈ N and h∞(t) := e−rt . The representation is unique.
Proof. If F admits the weak∗ integral representation, then for every v ∈H
Fv(t) =
∫
[0,∞)
hℓ(rt)dΛv(r),
and since Λv is a scalar valued nonnegative finite Radon measure on [0,∞), Fv is a ℓ-times
completely monotone function. Note that since the representation is unique for scalar valued
measures, Λv is uniquely defined for every v ∈ H , but the operator valued measure Λ is also
uniquely defined by the scalar valued projection measures Λv, v ∈ H , so Λ is also uniquely
defined.
Conversely, if all scalar valued projections of the function F are ℓ-times completely monotone,
then for every v ∈H there exists an unique scalar valued nonnegative finite Radon measure Λv
for which
Fv(t) := 〈F(t)v,v〉H =
∫
[0,∞)
hℓ(rt)dΛv(r).
Define Λ : B([0,∞))→L (H ) by
4〈Λ(A)u,v〉H := Λu+v(A)−Λu−v(A)− i(Λu−iv(A)−Λu+iv(A)),
then Λ is bounded by F(0), is an weak∗ nonnegative finite L (H ) valued measure and
4
∫
[0,∞)
hℓ(rt)dΛu,v(r) = Fu+v(t)−Fu−v(t)− i(Fu−iv(t)−Fu+iv(t)) = 4〈F(t)u,v〉H .

With an similar argument it is also possible to prove a characterization of the ultraweakly
continuous positive definite operator valued radial kernels on Euclidean spaces.
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Lemma 5.5. Let F : [0,∞)→ L (H ) be an ultraweakly continuous function and m ∈ N. The
kernel
(x,y) ∈ Rm×Rm → F(‖x− y‖) ∈L (H )
is positive definite if and only if there exists a weak∗ nonnegative finite L (H ) valued measure
Λ for which the weak∗ integral representation holds
F(t) =
∫
[0,∞)
Ωm(rt)dΛ(r).
The representation is unique. Additionally, the kernel being positive definite is also equivalent
at every kernel (x,y)∈Rm×Rm →〈F(‖x−y‖)v,v〉H ∈C, v∈H \{0} being positive definite.
Proof of Theorem 3.9. If the stated kernel is positive definite, then by Lemma 5.4 there exists
an ultraweakly nonnegative L (H ) valued Radon measure Λ on [0,∞) for which the ultra-
weakly representation is valid
(5.7) Fv(‖x− y‖) = 〈F(‖x− y‖)v,v〉H =
∫
[0,∞)
e−r‖x−y‖
2
dΛv(r), x,y ∈ Rm.
Note that F(0) =
∫
[0,∞) dΛ(r) = Λ([0,∞)) is a trace class operator and also that the function
p : (0,∞)×Rm×Rm → p(r,x,y) =: e−r‖x−y‖2 ∈ C
is continuous and bounded. The kernel pr is C
∞
0 -universal for every r > 0 by [25]. In particu-
lar, by Lemma A.13, Λ is a countably additive operator valued measure that admits a Radon-
Nikody´m decomposition dΛ = GdΛT and the integral 5.7 can be reformulated as the Bochner
integral F(‖x− y‖) = ∫[0,∞) e−r‖x−y‖2G(r)dΛT (r).
After this analysis, we begin the proof.
(ii→ i) If F defines an universal kernel that is positive definite then F defines a strictly positive
definite kernel by Theorem 3.3.
(i→ iii) If F defines a strictly positive definite kernel then Fv(‖x− y‖) is also a strictly positive
definite kernel for every v ∈H \{0} by Lemma 5.3, but since
Fv(‖x− y‖) =
∫
[0,∞)
e‖x−y‖
2rd〈Λ(r)v,v〉H , x,y ∈ Rm
this can only happen if the complex valued measure Λv := 〈Λv,v〉H is not concentrated at 0, or
equivalently, the function Fv is nonconstant, [29].
(iii→ ii) Finally, if each functionFv is non constant, then the measureΛv is such that Λv((0,∞))>
0 by [29] for all v ∈ H \ {0}, but then Λ((0,∞)), which is a trace class positive semidefinite
operator must be positive definite, applying Theorem 3.7, we obtain that the kernel
(x,y) ∈ Rm×Rm →
∫
(0,∞)
e‖x−y‖
2rdΛ(r) = F(‖x− y‖)−Λ({0})
is universal, and since adding a constant positive semidefinite operator does not change this fact
(this can be proved directly from the definition), the kernel defined by F is universal.
Now we focus on the second part of the Theorem. Since lim‖y‖→∞Fv(x− y) = Λv({0}), if
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HK ⊂ C0(Rm,H ) then Λ({0}) = 0 and Fv ∈ C0([0,∞)). Conversely, if Fv ∈ C0([0,∞)) for
every v ∈H \{0}, the same limit implies that Λ({0}) = 0. Note that
‖F(x− y)‖L (H ) = ‖
∫
(0,∞)
e−r‖x−y‖
2
G(r)dΛT (r)‖L (H )
≤
∫
(0,∞)
e−r‖x−y‖
2‖G(r)‖L (H )dΛT (r)→ 0, ‖y‖→ ∞
which is a stronger property compared to the ones we need to apply Proposition 3.2 to obtain
that HK ⊂C0(Rm,H ). The proof for the remaining equivalences follows by the same path as
the first one, by using relation (v) in Theorem 3.7. 
Proof of Theorem 3.10. The function
p : (0,∞)×Rm×Rm → p(r,x,y) =: (1− r‖x− y‖)l−1+ ∈ C
is continuous and bounded. The kernel pr is C0-universal for every r > 0, because the kernel is
positive definite and the function x ∈ Rm → (1− r‖x‖)l−1+ ∈Cc(Rm), then by Corollary 10 of
[27], we obtain theC0-universality.
The remaining statements of this Theorem are proved by the same arguments as those in Theo-
rem 3.9. 
Proof of Lemma 3.11. If φ ∈C∞c (Rm) is a nonzero function, then ψ := φ +∆φ is also nonzero
and its Fourier transform satisfies ψˆ(x) = φˆ −‖x‖2φˆ(x) = (1−‖x‖2)φˆ(x). Define the scalar
valued finite measure dη := ψdξ of compact support, then∫
Rm
∫
Rm
Ωmm(‖x− y‖)dη(y)dη(x) =
1
Vol(Sm−1)
∫
Rm
∫
Rm
∫
Sm−1
e−i(x−y)·ξdξdη(y)dη(x)
=
1
Vol(Sm−1)
∫
Sm−1
|ηˆ(ξ )|2dξ
=
1
Vol(Sm−1)
∫
Sm−1
(1−‖ξ‖2)2|φˆ(ξ )|2dξ = 0.
Hence, the kernel Ωmm is not universal. By the recurrence relation
Ωm(t) =
2Γ(m/2)
Γ(1/2)Γ((m−1)/2)
∫
(0,1)
Ωm−1(rt)(1− r2)−1/2rm−2dr
proved in [11], we have that
Ωm−1m (‖x− y‖) =
2Γ(m/2)
Γ(1/2)Γ((m−1)/2)
∫
(0,1)
Ωm−1m−1(r‖x− y‖)(1− r2)−1/2rm−2dr
=
2Γ(m/2)
Vol(Sm−2)Γ(1/2)Γ((m−1)/2)
∫
Rm−1
e−i(x−y)·ξ (1−‖ξ‖2)−1/2+ ‖ξ‖m−2dξ .
So, the support of (1−‖ξ‖2)−1/2+ ‖ξ‖m−2dξ is the closed unit ball B[0,1] on Rm−1, Theorem
18 in [25] implies that the kernel Ωm−1m is C∞-universal, while Theorem 9 at [27] implies that
the kernel Ωm−1m is notC0-universal.
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For the second part, since f : [0,∞)→R is a nonconstant function and defines a positive definite
radial kernel on Rm, then there exists a complex valued nonnegative finite measure λ on [0,∞)
for which
f (‖x− y‖) =
∫
[0,∞)
Ωmm(r‖x− y‖)dλ (r), x,y ∈ Rm,
with λ ((0,∞))> 0. Additionally, being f ∈C2q([0,∞)), by [17] we get that ∫[0,∞)w2qdλ (w) <
∞, and by the arguments of Lemma 4.6, we obtain that pmr (x,y) := Ω
m−1
m (r‖x− y‖) is Cq-
dominated with respect to λ on Rm−1. Since for every r > 0 this kernel is Cq-universal on
Rm−1, as a consequence of Theorem 5.7 and the fact that λ ((0,∞)) > 0, we obtain that the
kernel the kernel
(x,y) ∈ Rm−1×Rm−1 → f (‖x− y‖) =
∫
[0,∞)
Ωm−1m (r‖x− y‖)dλ (r) ∈ R
isCq-universal. 
Proof of Theorem 3.12 . By Lemma 3.11 the kernel
(0,∞)×Rm−1×Rm−1 → p(r,x,y) := Ωm−1m (r‖x− y‖)
is continuous, bounded and for every fixed r > 0 it is C∞-universal. The remaining statements
of this Theorem are proved by the same arguments as those in Theorem 3.9. 
5.2. Section 4.
Proof of Lemma 4.1. We prove the case q = 1, the general case follows by an induction argu-
ment. Suppose that HK ⊂C1(U,H ). Let (hn)n∈N be a sequence of nonzero real numbers that
converges to 0, then for every fixed y ∈U and v ∈H the function
z ∈U → [∆eihnKyv](z) := [K(z,y+hnei)v−K(z,y)v]/hn ∈H
is an element of HK . Since
(5.8) 〈∆eihnKyv,F〉HK = 〈v,(F(y+hnei)−F(y))/hn〉H → 〈v,∂ eiF(y)〉H
by the Uniform Boundedness principle we obtain that
sup
y∈A
sup
n∈N
sup
‖v‖=1
(‖∆eihnKyv‖HK)2 :=M
ei
A
< ∞.
Since on a RKHS every bounded sequence admits a subsequence that converges weakly and
pointwise to a function on the RKHS, we obtain that the function
z ∈U → ∂ eiy [Kyv](z) = ∂ ei2 [K(z,y)v] ∈H
exists and is an element of HK and this settles relation (i). Moreover
(5.9) sup
‖v‖=1
sup
y∈A
(‖∂ eiy [Kyv]‖HK)2 ≤MeiA
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Note that if F ∈HK, by Equation 5.8 and the weak convergence ∆eihnKyv⇀ ∂
ei
y [Kyv] on HK, we
obtain relation (ii). Since HK ⊂C1(U,H ) we can differentiate ∂ ei2 [K(x,y)v] on the variable x,
while the weak convergence implies that
〈u,∂ e j1 [∂ ei2 [K(x,y)v]]〉H = 〈∂
e j
x [Kxu],∂
ei
y [Kyv]〉HK .
From the previous equality we obtain relation (iv). The triple supremum is also a consequence
of the previous equality together with Equation 5.9 and supx∈A (‖K(x,x)‖L (H ))1/2 :=M0A <∞
from Proposition 3.2. The inclusion-restriction is continuous because if F ∈HK
|〈v,∂ eiF(x)〉H |= |〈∂ eix Kxv,F〉HK | ≤MeiA ‖F‖HK ,
and then ‖F‖C1(A ,H ) ≤ (∑mi=1MeiA +M0A )‖F‖HK .
It only remains to prove the converse of the first assertion. By the mean value inequality and
the hypothesis we have that
‖K(z,x+hei)v−K(z,x)v−h∂ eix [Kxv](z)‖H
≤ |h| sup
w∈[x,x+hei]
‖∂ eiw [Kwv](z)−∂ eix [Kxv](z)‖H ≤ 2|h|‖v‖MA .
for every z ∈A , x ∈ Int(A ) and small enough |h|. Similarly,
‖∂ eiy [Kyv](x+hei)−∂ eiy [Kyv](x)−h∂ ei1 [∂ ei2 [K(x,y)v]]‖H
≤ |h| sup
w∈[x,x+hei]
‖∂ ei1 [∂ ei2 [K(w,y)v]]−∂ ei1 [∂ ei2 [K(x,y)v]]‖H ≤ 2|h|‖v‖MA .
for every y ∈A , x ∈ Int(A ) and small enough |h|. So
(5.10) |〈∆eihKxv,∆eihKxv〉HK −〈∂
e j
1 [∂
ei
2 [K(x,x)v]],v〉H | ≤ 6‖v‖2MA ,
then any sequence ∆eihnKxv is bounded inHK, by the hypothesis it converges pointwise to ∂
ei
x Kxv,
so ∆eihnKxv⇀ ∂
ei
x [Kxv] ∈ HK . In order to prove that an arbitrary F ∈ HK is differentiable, let
φn ∈ HK be a sequence that converges to F on the HK norm. Since
|〈F(x)−φn(x),v〉H | ≤ ‖F−φn‖HK‖Kxv‖HK
the function F is continuous. Similarly
|〈∆eih F(x)−∆eih φn(x),v〉H | ≤ ‖F−φn‖HK ‖∆eihKxv‖HK
so the function F is differentiable, finally
|〈∂ eiF(x)−∂ eiφn(x),v〉H |= |〈∂ eix Kxv,F−φn〉HK | ≤ ‖F−φn‖HK ‖∂ eiKxv‖HK
which concludes that F ∈C1(U,H ). 
Remark 5.6. At Equation 5.10 it might occur that
lim
h→0
〈∆ei
h
Kxv,∆
ei
h
Kxv〉HK 6= 〈∂
e j
1 [∂
ei
2 [K(x,x)v]],v〉H .
For instance, if k(x,y) = x2y2/(x2+ y2) then
1
h2
[k(h,h)− k(h,0)− k(0,h)+ k(0,0)]= 1
2
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while
∂2[K(x,0)] = 0 for all x ∈ R−→ ∂1[∂2[K(0,0)]] = 0.
Proof of Proposition 4.2. Suppose that HK ⊂Cq0(U,H ). On the proof of Proposition 4.1 it is
proved that ∂ αx Kxv∈HK ⊂C0(U,H ), for every |α| ≤ q. The inequality involving ∂ α1 [∂ β2 [K(x,y)v]]
can be proved in a similar way as the proof of Lemma 4.1, by applying the Uniform Bounded-
ness principle to the whole set U (instead of just a compact set). The converse holds because
the approximations φn ∈HK ⊂C0(U,H ) for a function F ∈HK(and its derivatives) is uniform
on the whole setU (instead of being uniform at all compact sets ofU ).
Relation (i) and (ii) and (iv) were already proved at Proposition 4.1.
The inclusion I : HK →Cq0(U,H ) is continuous because
|〈∂ αF(x),v〉HK | ≤ ‖F‖Hk‖∂ αx Kxv‖HK ≤ ‖F‖HkM1/2‖v‖
for all |α| ≤ q, which proves (ii). 
Proof. Proof of Lemma 4.3 If K ∈Cq,q(U ×U,L (H )) and B ⊂ HK is a bounded set, then
the equicontinuity follows from the inequality
|〈v,∂ αF(z)−∂ αF(y)〉H | ≤ ‖F‖HK‖∂ α1 [K(·,z)v]−∂ α1 [K(·,y)v]‖HK
≤ ‖F‖HK‖v‖H (‖∂ α1 ∂ α2 K(z,z)−∂ α1 ∂ α2 K(z,y)−∂ α1 ∂ α2 K(y,z)+∂ α1 ∂ α2 K(y,y)‖L (H ))1/2
For the converse we prove the case q = 1, the general case follows by an induction argument.
Since every bounded set of HK is C
q-equicontinuous, the same set must be equicontinuous by
definition, in particular relation (i) in Lemma 3.4 implies that the kernel K :U ×U → L (H )
is continuous on the norm topology of L (H).
For any compact set A ⊂U , the set B := {∂ βz Kzv, z∈A ,‖v‖= 1, |β | ≤ 1} is bounded onHK
by Proposition 4.1. From theCq-equicontinuity we get that for every x ∈ Int(A ) there exists an
open setUx that contains x and
‖∂ α1 [∂ β2 [K(w,z)v]]−∂ α1 [∂ β2 [K(x,z)v]]‖H < ε, w ∈Ux,z ∈A ,‖v‖H = 1, |α|, |β | ≤ 1.
By a similar argument as the one in the proof of Lemma 3.4, we get that
(5.11) ‖∂ α1 [∂ β2 [K(x,y)v]]−∂ α1 [∂ β2 [K(x′,y′)v]]‖H < 2ε,
for all x′ ∈ Int(A )∩Ux, y′ ∈ Int(A )∩Uy , |α|, |β | ≤ 1 and ‖v‖ = 1. Then by the mean value
inequality
‖[∆eih,2K(x,y)−∆eih′,2K(x,y)]v‖H ≤ 2 sup
w∈V2
‖∂ ei2 [K(x,y)v]−∂ ei2 [K(x,w)v]‖H
where V2 := [y,y+ hei]∪ [y,z+ y′ei], this inequality together with Equation 5.11 proves that
∆eih,2K(x,y) is a Cauchy sequence (on h), which proves that ∂
ei
2 K(x,y) exists. It is jointly con-
tinuous because Equation 5.11 for α = 0 and β = ei holds for every ‖v‖= 1. Similarly, by the
mean value inequality
‖[∆e jh,1∂ ei2 K(x,y)−∆
e j
h′,1∂
ei
2 K(x,y)]v‖H ≤ 2 sup
w∈V1
‖∂ e j1 [∂ ei2 [K(x,y)v]]−∂
e j
1 [∂
ei
2 [K(w,y)v]]‖H
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where V1 := [x,x+ he j]∪ [x,x+ h′e j], this inequality together with Equation 5.11 proves that
∆
e j
h,1∂
ei
2 K(x,y) is a Cauchy sequence (on h), which proves that ∂
e j
1 ∂
ei
2 K(x,y) exists. It is jointly
continuous because Equation 5.11 for α = e j and β = ei holds for every ‖v‖= 1. This settles
(i).
As for (ii), note that
|〈eµ ,∂ αF(y)〉H | ≤ ‖F‖HK
√
〈[∂ α1 [∂ α2 K(y,y)eµ ]],eµ〉H ,
for every |α| ≤ q, since∑µ∈I (
√〈[∂ α1 [∂ α2 K(x,x)eµ ]],eµ〉H )2<∞, the set {∂ αF(y),F ∈B, |α| ≤
q} ⊂H has compact closure on the norm topology of H .
Now we prove (iii). By definition, the inclusion-restriction is a compact operator if and only
if for every bounded set B ⊂ HK (restricted to A ) has compact closure on Cq(A ,H ). By
the differentiable version of of the Arzela`-Ascoli Theorem this occurs if and only if the set
B(restricted to A ) is Cq-equicontinuous and Cq-pointwise relatively compact, the conclusion
follows from (i), (ii). The second part of (iii) is a consequence from the fact that closed sets on
HK(restricted to A ) are closed onC
q(A ,H ).
The proof of (iv) is similar to the previous ones, we just emphasize that the importance of the
compact set A is to ensure that BA isC
q-equicontinuous at the infinity point ofU . 
Proof of Lemma 4.5. Since the matrix valued kernel
(x,y) ∈ Rm×Rm → ∂ α1 ∂ β2 pw(x,y) ∈Mℓ(C)
is positive definite by Lemma 4.1, we have that
2|∂ α1 ∂ β2 pw(x,y)| ≤ ∂ α1 ∂ α2 pw(x,x)+∂ β1 ∂ β2 pw(y,y)≤ 2h(w).
By the hypothesis we obtain that |∂ α1 ∂ β2 pw(x,y)|‖G(w)‖L (H ) is λ integrable and Equation
1.12 implies that the kernels Kα,β are well defined.
As for the differentiability of the kernels, we prove the case α = ei and β = 0, being the other
cases proved by an induction argument based on the one we present. Note that
‖∆eih,1K0,0(x,y)−Kei,0(x,y)‖L (H )
= ‖
∫
Ω
[
pw(x+hei,y)− pw(x,y)
h
−∂ ei1 pw(x,y)
]
G(w)dλ (w)‖L (H )
≤
∫
Ω
| pw(x+hei,y)− pw(x,y)
h
−∂ ei1 pw(x,y)|‖G(w)‖L (H )dλ (w).
By the mean value inequality
|−∂ ei1 pw(x,y)+
pw(x+hei,y)− pw(x,y)
h
| ≤ sup
t∈[x,x+h]
|∂ ei1 pw(x,y)−∂ ei1 pw(t,y)| ≤ 2h(w)
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while [pw(x+ hei,y)− pw(x,y)]/h converges to ∂ ei1 pw(x,y), so the Lebesgue Dominated Con-
vergence Theorem implies that∫
Ω
| pw(x+hei,y)− pw(x,y)
h
−∂ ei1 pw(x,y)|‖G(w)‖L (H )dλ (w)→ 0
which proves our claim. 
Proof of Lemma 4.6 . First, we prove the converse. Indeed, since f ∈C2q(Rm), then the kernel
(w,x,y) ∈ [0,∞)×Rm×Rm → f (w(x− y))
is an element ofC0,q,q([0,∞)×Rm×Rm), and it can be easily deducted that
∂ αx ∂
β
y f (w(x− y)) = w|α|(−w)|β |[∂ α+β f ](w(x− y)).
But since f (w(x− y)) is a positive definite kernel, the matrix valued kernel [∂ αx ∂ βy f (w(x−
y))]|α|,|β |≤q is positive definite by Lemma 4.1, and then
|∂ αx ∂ βy f (w(x− y))| ≤ w2|α||∂ 2α f (0)|+w2|β ||∂ 2β f (0)|.
By choosing h(w) =Mw2q, for a suitable nonnegative numberM, we can apply Lemma 4.5 on
the scalar valued case and obtain the result.
On the other hand, suppose that p ∈Cq,q(Rm×Rm). Then by the hypothesis
[p(x+he j,x+he j)− p(x,x+he j)− p(x+he j,x)− p(x,x)]/h2 → ∂ e j1 ∂
e j
2 p(x,x),
but
p(x+he j,x+he j)− p(x,x+he j)− p(x+he j,x)− p(x,x)
=
∫
[0,∞)
2 f (0)− f (hwe j)− f (hwe j)dλ (w).
Note that 2 f (0)− f (hwe j)− f (−hwe j) ≥ 0 (because f defines a positive definite kernel on
Bochner’s sense) and [2 f (0)− f (hwe j)− f (−hwe j)]/h2→−∂ 2e j [ f (wx)](0) =w2[−∂ 2e j f (0)].
If−∂ 2e j f (0)= 0 for 1≤ j≤m, then by the positivity of the matrix valued kernel [∂ αx ∂ βy f (w(x−
y))]|α|,|β |≤q, we obtain that ∂ e j f = 0 for 1≤ j ≤ m, and consequently f is a constant function,
which is an absurd by the hypothesis. The integrability of w2 with respect to λ is then a conse-
quence of the Fatou’ s Lemma.
The general case follows by an induction on this argument. Recall that any nonconstant poly-
nomial on an Euclidean space is not a bounded function, however f is a bounded function. 
Proof of Lemma 4.8. We prove the Cq-universal case, being the other proof simpler. If F ∈
HK , there exists a sequence Fn ∈ HK := span{Kxv,x ∈ U,v ∈ H } for which Fn → F on the
norm of HK. Since the the inclusion-restriction I : HK → Cq(A ,H ) is continuous we have
that ‖F|A − (Fn)|A ‖Cq(A ,H ) ≤ M‖F −Fn‖HK , for some M > 0, and then [HK]|A is dense in
Cq(A ,H ) if and only if [HK]|A is dense inCq(A ,H ).
From functional analysis, we know that [HK]|A is dense in Cq(A ,H ) if and only if the only
continuous linear functional T : Cq(A ,H )→ C for which T ([Kyv]|A ) = 0 for all x ∈U and
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v ∈H is the zero functional. By Corollary 4.7, we can describe a continuous linear functional
T inCq(A ,H ) by
T ([Kyv]|A ) = ∑
|α|≤q
∫
A
〈∂ αx K(x,y)v,dηα(x)〉
where η = (ηα)|α|≤q ∈Mq(A ,H ) and this linear functional is zero if and only if
T (ψ) = ∑
|α|≤q
∫
A
〈∂ αψ,dηα(x)〉= 0
for all ψ ∈Cq(A ,H ). 
Proof of Theorem 4.9. We focus the arguments on the Cq-universal case, being the other case
similar.
First, note that for every η = (ηα)|α|≤q ∈ Mq(A ,H ), where A ⊂ U is a compact set that
satisfies Int(A ) = A , the linear functional
F ∈HK → ∑
|α|≤q
∫
A
〈∂ αF(x),dηα(x)〉 ∈ C
is continuous. Indeed, it is the composition of the inclusion-restriction I : HK →Cq(A ,H ),
proved to be continuous at Lemma 4.1, with a continuous linear functional of Cq(A ,H ) by
Corollary 4.7.
But then, the Riesz Representation Theorem for Hilbert spaces implies that there exists a func-
tion Kη ∈HK for which
〈F,Kη〉HK = ∑
|α|≤q
∫
A
〈∂ αF(x),dηα(x)〉 ∈ C
for all F ∈HK, and in particular
〈v,Kη(y)〉H = 〈Kyv,Kη〉HK = ∑
|α|≤q
∫
A
〈∂ α1 [K(x,y)v],dηα(x)〉
= 〈v, ∑
|α|≤q
∫
A
∂ α1 K(x,y)dηα(x)〉H
The last equality makes sense, because the function x ∈ U → ∂ α1 K(x,y) ∈ L (H ) is weak-
Bochner integrable with respect to ηα , since by Proposition 4.2
|
∫
A
〈∂ α1 K(x,y)v,dηα(x)〉| ≤
∫
A
‖∂ α1 K(x,y)v‖H d|ηα |(x)≤M|ηα |(A )‖v‖H .
This settles (i).
As for the proof of (ii), by relation (ii) in Lemma 4.1, we have that
〈v,∂ βKη(y)〉H = 〈∂ βKyv,Kη〉HK = ∑
|α|≤q
∫
A
〈∂ α1 [∂ β2 [K(x,y)v]],dηα(x)〉
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and the weak-Bochner integral exists by a similar argument used at relation (i).
Now we prove (iii). The first equality is immediate. For the second equality, note that
〈Kη ,Kη〉HK = ∑
|α|≤q
〈
∫
A
∂ αKη(x),dηα(x)〉= ∑
|α|≤q
∫
A
〈∂ αKη(x),Hα(x)〉H d|η|(x)
= ∑
|α|≤q
∫
A
〈Hα(x),∂ αKη(x)〉H d|η|(x)
= ∑
|α|≤q
∫
A
〈 ∑
|β |≤q
∫
A
∂
β
1 [∂
α
2 [K(y,x)Hα(x)]],dηβ (y)〉d|η|(x)
= ∑
|α|,|β |≤q
∫
A
∫
A
〈∂ β1 [∂ α2 [K(y,x)Hα(x)]],Hβ (y)〉H d|η|(y)d|η|(x)
= ∑
|α|,|β |≤q
∫
A
∫
A
〈Hβ (y),∂ β1 [∂ α2 [K(y,x)Hα(x)]]〉H d|η|(y)d|η|(x)
= ∑
|α|,|β |≤q
∫
A
∫
A
〈∂ α1 [∂ β2 [K(x,y)Hβ (y)]],Hα(x)〉H d|η|(x)d|η|(y).
Since the functions Hα are Bochner integrable with respect to |η| and
x ∈A →‖∂ βy ∂ αx K(y,x)‖L (H ) ∈ C are bounded functions, it is possible to reverse the order of
integration by Fubinni-Tonelli.
Finally (iv) holds true because HK is a reproducing kernel Hilbert space, so 〈Kη ,Kη〉HK = 0 if
and only if Kη(y) = 0 for all y ∈U , and in this case
0= 〈v,Kη(y)〉H = 〈Kyv,Kη〉HK = ∑
|α|≤q
∫
〈∂ α1 K(x,y)v,dηα(x)〉
and the conclusion follows from Lemma 4.8. 
Before proving Theorem 4.10, we need a complex valued version of it.
Theorem 5.7. Let U ⊂ Rm be an open set, Ω be a locally compact Hausdorff space and p :
Ω×X×X → C ∈C0,q,q(Ω×U×U), such that the kernel
(x,y) ∈U×U → pω(x,y) := p(ω,x,y)
is positive definite for every w ∈ Ω. Given a scalar valued nonnegative finite Radon measure λ
on Ω, consider the kernel
P :U×U →C, P(x,y) =
∫
Ω
pw(x,y)dλ (w).
Then if p is Cq-dominated with respect to λ , we have that:
(i) The kernel P ∈Cq,q(U×U) and HK ⊂Cq(U).
(ii) If the kernel pω is C
q-universal for every w∈Ω, then the kernel P is Cq-universal if and
only if the measure λ is nonzero.
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(iii) If the kernel pω is C
q-integrally strictly positive definite for every w∈Ω, then the kernel
P is Cq-integrally strictly positive definite if and only if the measure λ is nonzero.
Proof. Relation (i) is an application of Lemma 4.5 to the complex valued case.
Now, we prove (ii). Let A ⊂U be a compact set for which Int(A ) = A and η = (ηα)|α|≤q ∈
M
q(A ) for which the linear functional
φ ∈Cq(A )→ ∑
|α|≤q
∫
A
∂ αφ(x)dηα(x) ∈ C
is nonzero. Since pw isC
q-universal for everyw∈Ω, by the complex valued version of Theorem
4.9 (proved in [25]), we have that
∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)dηβ (y)dηα(x)> 0
for all w ∈ Ω. So, λ is a nonzero measure if and only if
∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 P(x,y)dηβ (y)dηα(x) = ∑
|α|,|β |≤q
∫
A
∫
A
∫
Ω
∂ α1 ∂
β
2 pw(x,y)dλ (w)dηβ (y)dηα(x)
=
∫
Ω
[
∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)dηβ (y)dηα(x)
]
dλ (w)> 0
which proves our claim.
The proof of (iii) is identical to the proof of (ii). 
Proof of Theorem 4.10. By Lemma 4.5, not only the kernel P is well defined and differentiable
but we also have that ∂ α1 ∂
β
2 P(x,y) =
∫
Ω ∂
α
1 ∂
β
2 pw(x,y)dΛ(w). The fact that HP ⊂Cq(U,H ) is
a consequence of Lemma 4.1. This settles (i).
The proof of (ii) is very similar to the proof of (iv) in Theorem 3.7. The measure Λv is nonzero
if and only if the kernel Pv is C
q-universal by Theorem 5.7. Now suppose that the measure
Λv is nonzero for every v ∈ H \ {0} and let A ⊂U be such that Int(A ) = A and a measure
η = (ηα)|α|≤q ∈Mq(A ,H ) for which
∑
|α|,|β |≤q
∫
A
〈
∫
A
〈∂ α1 ∂ β2 P(x,y)Hβ (y),Hα(x)〉H d|η|(x),d|η|(y) = 0 ∈ C.
Note that
0= ∑
|α|,|β |≤q
∫
A
∫
A
〈∂ α1 ∂ β2 P(x,y)Hβ (y),Hα(x)〉H d|η|(x)d|η|(y)
= ∑
|α|,|β |≤q
∫
A
∫
A
∫
Ω
∂ α1 ∂
β
2 pw(x,y)〈G(w)Hβ (y),Hα(x)〉H dλ (w)d|η|(x)d|η|(y)
=
∫
Ω
∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)〈G(w)Hβ (y),Hα(x)〉H d|η|(x)d|η|(y)dλ (w)
42 J. C. GUELLA
And again, the change in the order of integration is possible because
|∂ α1 ∂ β2 pw(x,y)〈G(w)Hβ(y),Hα(x)〉H | ≤ |h(w)|‖G(w)‖L (H )‖H(x)‖H ‖H(y)‖H
which is λ×|η|×|η| integrable. Since thematrix valued kernel (x,y)→ [∂ α1 ∂ β2 pw(x,y)]|α|,|β |≤q
is positive definite, applying Lemma 5.1 with respect to this kernel, we get that for all w ∈ Ω
∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)〈G(w)Hβ (y),Hα(x)〉H d|η|(x)d|η|(y)≥ 0.
Since λ is nonnegative, we must have that this double integral is zero λ almost everywhere. Let
G1/2(w) be the unique square root of the positive semidefinite operator G(w) that is positive
semidefinite, then by adding coordinates
0= ∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)〈G(w)Hβ (y),Hα(x)〉H d|η|(x)d|η|(y)
= ∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)〈G1/2(w)Hβ (y),G1/2(w)Hα(x)〉H d|η|(x)d|η|(y)
= ∑
|α|,|β |≤q
∫
A
∫
A
∑
µ∈I
∂ α1 ∂
β
2 pw(x,y)(G
1/2(w)Hβ (y))µ(G
1/2(w)Hα(x))µd|η|(x)d|η|(y)
= ∑
|α|,|β |≤q
∑
µ∈I
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)(G
1/2(w)Hβ (y))µ(G
1/2(w)Hα(x))µd|η|(x)d|η|(y)
and once again by Lemma 5.1,
∑
|α|,|β |≤q
∫
A
∫
A
∂ α1 ∂
β
2 pw(x,y)(G
1/2(w)Hβ (y))µ(G
1/2(w)Hα(x))µd|η|(x)d|η|(y)≥ 0
for all µ ∈I and w ∈ Ω. Then, we must have that∫
A
∫
A
∑
|α|,|β |≤q
∂ α1 ∂
β
2 pw(x,y)(G
1/2(w)Hβ (y))µ(G
1/2(w)Hα(x))µd|η|(x)d|η|(y) = 0
for all µ ∈ I and λ almost everywhere on w. But, pw is a Cq-universal kernel for all w ∈ Ω
and (G1/2(w)Hα(x))µd|η|(x))|α|≤q ∈ Mq(A ), so the following linear functional is the zero
functional for every µ ∈I
f ∈Cq(A )→ ∑
|α|≤q
∫
A
∂ α f (x)(G1/2(w)Hα(x))µd|η|(x) ∈ C.
This implies that
∑
|α|,|β |≤q
∫
A
∫
A
∂ α f (x)∂ β f (y)〈G(w)Hβ (y),Hα(x)〉H d|η|(x)d|η|(y) = 0
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for λ almost every w. Integrating this equality on the variable w with respect to λ we get that
0= ∑
|α|,|β |≤q
∫
A
∫
A
∂ α f (x)∂ β f (y)〈Λ(Ω)Hβ (y),Hα(x)〉H d|η|(x)d|η|(y)
= 〈Λ(Ω)[ ∑
|α|≤q
∫
A
∂ α f (x)dηα(x)], ∑
|α|≤q
∫
A
∂ α f (x)dηα(x)〉H .
Now we are at the final steps of the proof. Since Λ(Ω) is a positive definite operator, we must
have that
∑
|α|≤q
∫
A
∂ α f (x)dηα(x) = 0 ∈H .
But then, by Lemma A.12, note that for every F ∈Cq(A ,H ) we have that
∑
|α|≤q
∫
A
〈∂ αF(x),dηα(x)〉= ∑
µ∈I
∑
|α|≤q
∫
A
∂ α(F(x))µ(Hα(x))µd|η|(x) = 0,
which proves that the kernel P is Cq-universal. The remaining implication is a consequence of
Lemma 5.3. This settles (ii).
As for (iii), since we are assuming that the function p isCq-Dominated with respect to ‖G‖L (H )dλ ,
we have that
‖∂ α1 ∂ α2 P(x,y)‖L (H ) = ‖
∫
Ω
∂ α1 ∂
α
2 pw(x,y)dΛ(w)‖L (H )
≤
∫
Ω
|h(w)|‖G(w)‖L (H )dΛ(w) < ∞,
in other words, the kernels ∂ α1 ∂
α
2 P(x,y) are bounded in L (H ) . The remaining arguments are
just an adaptation of the arguments we presented in (ii). 
Proof of Corollary 4.11. The kernel P is well defined and positive definite by Proposition 3.8.
Moreover, by Lemma A.13 there exists a scalar valued nonnegative finite Radon measure λT
on (0,∞) and a Bochner integrable function G : (0,∞)→L (H ) with respect to λT for which
G(w) is a positive semidefinite operator for all w ∈ (0,∞) and
P(x,y) =
∫
(0,∞)
f (w(x− y))G(w)dλT (w).
By the proof of Lemma A.13,
Tr(P(x,y)) =
∫
(0,∞)
f (w(x− y))Tr(G(w))dλ (w) =
∫
(0,∞)
f (w(x− y))dλ (w).
Since Tr(P)∈Cq,q(Rm), Lemma 4.6 implies that ∫(0,∞)w2qdλ (w)<∞. In particular, pw(x,y) :=
f (w(x− y)) is Cq-dominated with respect to ‖G‖dλT = d|Λ|, by choosing h(w) =Mw2q, for a
suitable number M > 0. Then, relation (i), (ii) and (iii) are a directly application of Theorem
4.10. 
Proof of Theorem 4.12. It is a direct application of Corollary 4.11, to the case f (x) = e−‖x‖
2
which defines aC∞-integrally strictly positive definite kernel and Theorem 3.9. 
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Proof of Theorem 4.13. It is a direct application of Corollary 4.11, to the case f (x) = (1−
‖x‖)ℓ−1+ ∈ C(ℓ−2)(Rm) which defines a (ℓ− 2)/2 integrally strictly positive definite kernel by
Corollary 38 in [25]. 
Proof of Theorem 4.14. It is a direct application of Corollary 4.11, to the case x ∈ Rm−1 →
f (x) = Ωm−1m (‖x‖) ∈ C which defines aC∞-universal kernel by Lemma 3.11. 
APPENDIX A. APPENDIX: MEASURES AND INTEGRALS RELATED TO HILBERT SPACES
In this appendix we review some definitions regarding:
◦ Integration of vector valued functions with respect to complex valued measures.
◦ Integration of complex valued functions with respect to vector valued measures.
◦ Integration of Hilbert valued functions with respect to Hilbert valued measures.
◦ Integration of operator valued functions with respect to Hilbert valued measures.
The main reference is [12], more specifically, section I and II, but we adapt some terminologies
to fit our setting, like the definition of finite nonnegative operator valued measure. We fix
throughout this section that (Ω,B) is a sigma algebra, λ : (Ω,B)→C is a complex valued finite
measure, B is a Banach space and B∗ is the Banach space of all continuous linear functionals
defined on B.
First, we focus on integrals of vector valued functions over complex valuedmeasures. Roughly
speaking, there are 3 ways for defining this integral, two of them having a functional analysis
approach.
Definition A.1. (Pettis integral) A function F : Ω→B is weak measurable, if for every v∈B∗
the complex valued function w ∈ Ω → Fv := (v,F(w))(B∗,B) ∈ C is a measurable function and
F is weak integrable (or Pettis integrable) with respect to the measure λ , if all functions Fv are
integrable and for every A ∈ (Ω,B) the following linear functional onB∗ is continuous
v ∈B∗ →
∫
A
(v,F(w))(B∗,B)dλ (w) ∈ C.
Definition A.2. (Gelfand integral) If B = D∗, for some Banach space D, a function F :
Ω →B is weak∗ measurable, if for every v ∈D the complex valued function w ∈ Ω → Fv :=
(F(w),v)B,D ∈ C is measurable, and that F is weak∗ integrable (or Gelfand integrable) with
respect to λ if for every (Ω,B) the following linear functional onD is continuous
v ∈D→
∫
A
(F(w),v)(B,D)dλ (w) ∈ C.
Note that the Pettis integral is an element in B∗∗ while the Gelfand integral is an element in
B. When the Banach space is reflexive, the Gelfand and Pettis integrals are the same object.
Definition A.3. (Bochner integral) A function φ : Ω →B is called a simple function if there
exists a finite amount of b1, . . . ,bn ∈B and measurable sets A1, . . . ,An ∈ (Ω,B) for which
φ(x) =
n
∑
i=1
biχAi(x).
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A function F : Ω →B is Bochner measurable with respect to λ if there exists a sequence of
simple functions Fn : Ω →B for which limn→∞‖F(w)−Fn(w)‖B = 0, |λ | almost everywhere.
The function F is Bochner integrable with respect to λ , if there exists a sequence of simple
functions Fn : Ω →B for which
lim
n→∞
∫
Ω
‖F(w)−Fn(w)‖Bd|λ (w)|= 0
Under the setting on the previous definition, the sequence
∫
ΩFn(w)dλ (w) inB is convergent,
and we denote its value as
∫
ΩF(w)dλ (w)∈B, which is independent of the choice for the simple
functions.
The following famous result connects the concept of weak and Bochner measurability, page
42 [12].
Theorem A.4. (Pettis Measurability Theorem) A function F : Ω →B is Bochner measurable
with respect to λ if and only if F is weak measurable with respect to λ and there exists E ∈
(Ω,B) for which |λ |(E) = 0 and the set {F(w),w ∈ Ω−E} ⊂B is separable.
Similar to complex valued functions (page 45 in [12]), a Bochner measurable function F :
Ω →B is Bochner integrable if and only if
(1.12)
∫
Ω
‖F(w)‖Bd|λ |(w)< ∞.
And because of this, every Bochner integrable function is weak (also weak∗, whenever is pos-
sible) integrable, and the value is the same.
Now we focus on integration of complex valued functions with respect to finite vector valued
measures. Similarly, there are 3 main types for this type of integral, but on this setting it is
related on how we define a vector valued measure.
Definition A.5. A set function Λ : (Ω,B)→B is a finite vector valued measure (weak finite
vector valued measure) if:
(1) Λ( /0) = 0 ∈B.
(2) There exist M > 0 such that ‖Λ(A)‖B ≤M for all A ∈B.
If (An)n∈N is a countable family of sets in B such that every two of them are disjoint, then it
satisfies:
3. ∑
n∈N
|(v,Λ(An))(B∗,B)|< ∞ for all v ∈B∗.
4. Λ(
⋃
n∈N
An) = ∑
n∈N
Λ(An) on the norm ofB (weak convergence ).
IfB=D∗, for some Banach spaceD, a set function Λ : (Ω,B)→B is aweak∗ finite vector
valued measure if it satisfies satisfies 1 and 2 at Definition A.5, but 3 and 4 are replaced by
3′. ∑
n∈N
|(Λ(An),v)(B,D)|< ∞ for all v ∈D.
4′. Λ(
⋃
n∈N
An) = ∑
n∈N
Λ(An) (weak
∗ convergence).
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Our definition of finite vector valued measure is based on the definition of countably additive
vector valued measure from [12]. Note that if Λ is a finite vector valued measure on (Ω,B),
then by 2 and 3 for every v ∈ B∗ the function A ∈ (Ω,B)→ Λv(A) := (v,Λ(A))(B∗,B) ∈ C
defines a finite complex valued measure (usually, on a vector valued setting they do not impose
this condition, but this consequence is highly important and by doing this we do not have a
conflict of definitions with finite complex valued measures). A similar property holds for weak
and weak∗ finite vector valued measures
The integration of complex valued functions with respect to weak∗ finite vector valued mea-
sures is straightforward, a function f : Ω → C is weak∗ integrable with respect to Λ if the
following linear functional on D is continuous
v ∈D→
∫
A
f (w)d(Λ,v)(B,D)(w) ∈ C,
for every A ∈ (Ω,B). A similar definition for the weak integral is possible, but we do not use
this integral in this article. However, the weak∗ integral of complex valued functions occurs
naturally on the generalization of some complex valued kernels to the operator valued setting,
for instance the operator valued Bochner Theorem at [23] and at Lemma 5.4.
On the special case that B = L (H ), we say that a finite vector valued measure (weak∗
finite vector valued measure) is nonnegative if Λ(A) is a positive semidefinite operator for
every A ∈ (Ω,B). By the representation of trace class operators on H , instead of analysing
the weak∗ convergence of measures and integrals, it is sufficient to analyse the ultraweakly
convergence.
Unlike finite complex valued measures, finite vector valued measures can behave on an un-
wanted way. One class of measures that has a more appealing behavior are those with bounded
variation.
Definition A.6. Let Λ : (Ω,B)→B be a finite vector valued measure. We say that this finite
measure has bounded variation if exists M > 0 such that for every measurable set A, and every
disjoint sequence of measurable sets (A j) j∈N for which A= ∪ j∈NA j, we have that
∑
j∈N
‖Λ(A j)‖B ≤M.
And if that occurs, we define the set function |Λ| : (Ω,B)→ [0,∞), called the variation of Λ, by
|Λ|(A) = sup
pi(A)
∑
j∈N
‖Λ(A j)‖B
where pi(A) stands for the set of partitions of the set A into countable measurable disjoint sets.
From now on to simplify the notation, we omit the term finite when dealing with measures
with bounded variation. On a measure with bounded variation, its variation is a complex valued
nonnegative finite measure, [12] Chapter 1, and with it it is possible to define a norm over the
vector space of B valued measures of bounded variation defined on (Ω,B), which we denote
byM(Ω,B,B) and the norm is ‖Λ1−Λ2‖M(Ω,B,B) := |Λ1−Λ2|(Ω).
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When B= C, this definition of bounded variation and the variation measure agrees with the
standard definition, [13] Chapter 3.
After this comments, we are able to define the integral of a complex valued function with
respect to a vector measure of bounded variation, in a similar that we defined the Bochner
integration.
Definition A.7. Let f : Ω → C be a measurable function. The function f is integrable with
respect to a vector measure with bounded variation Λ, if f is integrable with respect to the finite
complex valued measure |Λ|. In that case, if fn : Ω → C is a sequence of simple functions,
for which limn→∞ | fn− f |C = 0, |Λ| almost everywhere then
∫
Ω fn(w)dΛ(w) is a convergent
sequence in B, it is independent of the simple functions choosen, and we denote its value by∫
Ω f (w)dΛ(w).
In some sense, the Bochner integral of vector valued functions with respect to complex valued
measures is more technically advantageous then the integral of complex valued functions with
respect to vector valued measures of bounded variation. If F : Ω → B is a Bochner integrable
function with respect to λ , then the set function
A ∈ (Ω,B)→ ΛF(A) :=
∫
A
F(w)dλ (w) ∈B
is a vector measure of bounded variation in (Ω,B), more precisely
|ΛF |(A) =
∫
A ‖F(w)‖Bd‖λ |(w), page 46 at [12]. The following definition aims the opposite,
it is the terminology for which vector measures of bounded variation are defined by a Bochner
integral.
Definition A.8. Let Λ : (Ω,B)→B be a measure with bounded variation. We say that Λ admits
Radon-Nikody´m decomposition if there exists a Bochner measurable function G : (Ω,B)→B
that is Bochner integrable with respect to a finite nonnegative measure λ : (Ω,B) → C of
bounded variation, for which
Λ(A) =
∫
A
G(w)dλ (w).
On reflexive spaces (in particular, Hilbert spaces), all measures of bounded variation admits
a Radon-Nikody´m decomposition with respect to its variation measure. This is a consequence
of the famous Radon-Nikody´m property, [12] section III, which is a property on the Banach
spaceB rather than a particular measure, in the sense that a Banach spaceB satisfy the Radon-
Nikody´m property if all B valued measures of bounded variation admits a Radon-Nikody´m
decomposition, with λ being the variation of the measure.
The Banach spaceB= c0(N) does not satisfy the Radon Nykodin Property as shown in [12]
page 60. The Banach space L (H ) also does not satisfy it, as shown in [33], using a similar
argument as the c0(N) case. The author does not know if there exists a nonnegative L (H )-
valued measure with bounded variation that does not admits a Radon-Nikody´m decomposition.
A finite nonnegative operator valued measure might not have bounded variation. Indeed,
if (vµ)µ∈N ∈ c0(N) \ ℓ1(N) and all coefficients vµ are positive, then the weak∗finite operator
valued measure Λ : N→ L (ℓ2(N)) given by Λ({µ}) = vµe∗µeµ is nonnegative but it is not of
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bounded variation. In particular, there is a gap between the operator valued Bochner Theorem
at [23] and relation (i) in Theorem 3.7 (where pw(x,y) = e
−i(x−y)w, Ω = X = Rm), being our
setting more restrictive, since we are assuming that the nonnegative operator valued measure
admits a Radon-Nikody´m decomposition.
Next, we clarify what happens on a nonnegative operator valued measure of bounded varia-
tion that admits a Radon-Nikody´m decomposition and we also explain why we focus on sepa-
rable Hilbert spaces.
Proposition A.9. Let Λ : (Ω,B) → L (H ) be a nonnegative measure with bounded varia-
tion and a Radon-Nikody´m decomposition dΛ = Gdλ . Then for every v ∈ H , the function
〈G(w)v,v〉H ≥ 0 almost everywhere on λ . In particular, if H is separable, we can assume that
the operator G(w) is positive semidefinite for all w ∈ Ω.
Proof. Indeed, since
∫
A〈G(w)v,v〉H dλ (w) = 〈Λ(A)v,v〉H (we used the fact that Bochner inte-
gral implies Pettis integral) then for every v ∈ H the function 〈G(w)v,v〉H ≥ 0 almost every-
where on λ .
If H is separable, choose a sequence vk ∈H , k ∈ N, that is dense on it. Define
Ev := {w ∈ Ω, 〈G(w)v,v〉H /∈ [0,∞)}
Each set Ev has λ measure 0. Because {vk}k∈N is dense, we have that⋃
v∈H
Ev =
⋃
k∈N
Evk , and then λ (
⋃
v∈H
Ev) = 0
which implies that {w ∈ Ω, G(w) is not positive semidefinite} has λ zero measure. Because
of that, redefine G(w) as the zero operator on
⋃
v∈H Ev (which do not change the outcome of
the integral), and then we obtain that G(w) is positive semidefinite for every w ∈ Ω. 
Next we deal with integration of vector valued functions with respect to vector valued mea-
sures. We only present the definition and results for Hilbert spaces, the general definition and
properties can be found at [5]. It is sufficient for our purposes to define only one type of this
integral.
Definition A.10. Let η : (Ω,B)→H be a measure with bounded variation and φ : Ω →H ,
φ = ∑ni=1 viχAi be a simple function. Then, we define∫
Ω
〈φ(w),dη(w)〉=
n
∑
i=1
〈vi,η(Ai)〉H ∈ C.
A Bochner measurable function F : Ω → H is Bartle integrable with respect to η if it is
Bochner integrable with respect to |η|, and we define ∫Ω〈F(w),dη(w)〉 as the limit of ∫Ω〈Fn(w),dη(w)〉,
where Fn are simple functions for which
∫
Ω ‖F(w)−Fn(w)‖H d|η|(w)→ 0.
This definition is independent from the sequence of simple functions that converges to F .
If dη = Hdλ is a Radon-Nikody´m decomposition for a vector measure of bounded variation
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η (which always exists by the Radon-Nikody´m of H ), it is possible to prove that a Bochner
measurable function F is integrable with respect to η if and only if∫
Ω
‖F(w)‖H ‖H(w)‖H dλ (w)< ∞.
The final integral we define is of operator valued functions with respect to a vector measure
of bounded variation. The definition that is relevant for our purposes is a mixed type integral,
involving a Bochner and a Pettis integrability.
Definition A.11. Let η : (Ω,B) → H be a measure with bounded variation and T : Ω →
L (H ), a function such that for every v ∈ H , Tv : Ω → L (H ) is Bochner measurable and
integrable with respect to η . We say that T is weak-Bochner integrable with respect to η if the
following linear operator is continuous
v ∈H →
∫
Ω
〈T (w)v,dη(w)〉 ∈ C
and in that case, the value of the integral is the unique vector, which we denote by
∫
ΩT (w)dη(w),
that satisfies
〈v,
∫
Ω
T (w)dη(w)〉H =
∫
Ω
〈T (w)v,dη(w)〉, v ∈H
This integral is used as a middle step in order to go from the characterization of universal
kernels at Theorem 11 in [6] to Theorem 3.3. It also has a similar purpose on the context of
differentiable universal kernels.
Below we state and prove a very important result that simplifies the integral of vector val-
ued (and operator valued) functions with respect to vector valued measures using the Radon-
Nikody´m decomposition.
Lemma A.12. Let η : (Ω,B)→ H be a measure with bounded variation and functions T :
Ω →L (H )(weak-Bochner integrable with respect to η) and F : Ω →H (Bochner integrable
with respect to |η|). Then if η = Hdλ is a Radon-Nikody´m decomposition for η , we have that∫
Ω
〈F(w),dη(w)〉=
∫
Ω
〈F(w),H(w)〉H dλ (w)
〈v,
∫
Ω
T (w)dη(w)〉H =
∫
Ω
〈T (w)v,H(w)〉H dλ (w), v ∈H
Moreover, if F is bounded, then∫
Ω
〈F(w),dη(w)〉= ∑
µ∈I
∫
Ω
Fµ(w)Hµ(w)dλ (w) = ∑
µ∈I
∫
Ω
Fµ(w)dηµ(w)
where (eµ)µ∈I is a complete orthonormal basis for H , Fµ(w) := 〈F(w),eµ〉H , Hµ(w) :=
〈H(w),eµ〉H are complex valued functions defined on Ω and the finite complex valued measure
with bounded variation ηµ := 〈eµ ,η〉H .
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Proof. By the definition of a weak-Bochner integrable function, the second equality is a di-
rect consequence of the first one. As for the first equality, the left side is well defined by the
definition of the integral, while the right side is well defined because∫
Ω
|〈F(w),H(w)〉H |dλ (w)≤
∫
Ω
‖F(w)‖H ‖H(w)‖H dλ (w) =
∫
Ω
‖F(w)‖H d|η|(w)< ∞.
If F = vχA, then∫
Ω
〈F(w),dη(w)〉= 〈v,η(A)〉H =
∫
Ω
〈F(w),H(w)〉H dλ (w).
By linearity, this equality holds for every simple function. For a general Bochner measurable
function F and Bartle integrable with respect to η , consider Fn, n ∈ N, a sequence of simple
functions that converges to F , then
|
∫
Ω
〈F(w)−Fn(w),H(w)〉H dλ (w)| ≤
∫
Ω
‖F(w)−Fn(w)‖H d|η|(w)→ 0
which proves the first equality.
For the second claim, note that∫
Ω
〈F(w),H(w)〉H dλ (w) = ∑
µ∈I
∫
Ω
Fµ(w)Hµ(w)dλ (w)
by the Lebesgue Dominated convergence, since
∑
µ∈I
∫
Ω
|Fµ(w)Hµ(w)|dλ (w) =
∫
Ω
∑
µ∈I
|Fµ(w)Hµ(w)|dλ (w)
≤
∫
Ω
‖F(w)‖H ‖H(w)‖H dλ (w)≤ sup
ω∈Ω
‖F(ω)‖H
∫
Ω
‖H(w)‖H dλ (w)
= sup
ω∈Ω
‖F(ω)‖H |η|(Ω)< ∞
the remaining equality is a consequence that
ηµ(A) = 〈eµ ,η(A)〉H =
∫
A
〈eµ ,H(w)〉H dλ (w) =
∫
A
Hµ(w)dλ (w)

Although the next result is technical, it is a good source of examples for nonnegative operator
valued measures of bounded variation that admits a Radon-Nikody´m decomposition, which is
a critical condition for our results.
Lemma A.13. Let X be a Hausdorff space and Λ :B(X)→L (H ) be a set function for which
Λ(Ω) ∈L (H ) is a trace class operator and that for every v ∈H
Λv(A) := 〈Λ(A)v,v〉H , A ∈B(X),
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is a finite complex valued nonnegative Radon measure. Then, Λ is an operator valued measure
of bounded variation that admits a Radon-Nikody´m dΛ = GdΛT , where
ΛT (A) := ∑
µ∈I
〈Λ(A)eµ ,eµ〉H ∈ C, A ∈B(X)
G(w) is positive semidefinite and Tr(G(w))≤ 1 for all w ∈ X.
Proof. Let (eµ)µ∈I be a complete orthonormal basis onH . Since the operator Λ(X) is positive
semidefinite, trace class and the measure Λv is nonnegative for every v ∈ H , then for every
Borel measurable set A⊂ X
∑
µ∈I
〈Λ(A)eµ ,eµ〉H ≤ ∑
µ∈I
〈Λ(A)eµ ,eµ〉H + ∑
µ∈I
〈Λ(X−A)eµ ,eµ〉H = ∑
µ∈I
〈Λ(X)eµ ,eµ〉H <∞
and then Λ(A) is a trace class positive semidefinite operator. Define the complex valued function
ΛT : B(X)→ C as
ΛT (A) := ∑
µ∈I
〈Λ(A)eµ ,eµ〉H ∈ C.
Then ΛT is a finite nonnegative complex valued Radon measure on X . For every A ∈ B the
kernel (on the variables µ,ν) Λµ,ν(A) := 〈Λ(A)eµ ,eν〉H is positive definite, and moreover
Λµ,ν is a finite complex valued Radon measure on X that is absolutely continuous with respect
to ΛT (Λµ,ν << ΛT ). Indeed,
2|Λµ,ν(A)|= 2|〈Λ(A)eµ ,eν〉H | ≤ 〈Λ(A)eν ,eν〉H + 〈Λ(A)eµ ,eµ〉H ≤ 2ΛT (A).
By the famous Radon-Nikody´m Theorem [13], there exists a function gµ,ν : X → C for which
Λµ,ν = gµ,νΛT . Note that gµ,µ is a nonnegative function (almost everywhere on ΛT ) and
ΛT (A) = ∑
µ∈I
〈Λ(A)eµ ,eµ〉H = ∑
µ∈I
∫
A
gµ,µ(w)dΛT (w) =
∫
A
[
∑
µ∈I
gµ,µ(w)
]
dΛT (w)
the last equality is an application of the Monotone Convergence Theorem, [13]. As a direct
consequence we obtain that ∑µ∈I gµ,µ(w) = 1 (almost everywhere on ΛT ).
The kernel gw :I ×I →C, w∈ X , gw(µ,ν) = gµ,ν(w) is positive definite (almost everywhere
on ΛT ). This happens because if F ⊂I is a finite set and complex numbers cµ , µ ∈ F , we have
that for every Borel measurable set A
0≤ 〈Λ(A) ∑
µ∈F
cµeµ , ∑
µ∈F
cµeµ〉H =
∫
A
∑
µ,ν∈F
cµcνgµ,ν(w)dΛT
and then we must have that ∑µ,ν∈F cµcνgµ,ν(w) ≥ 0 (almost everywhere on ΛT , for every
fixed finite set F and scalars cµ ). This implies that the kernel gw is positive definite almost
everywhere on X , because since I is countable, we only need a countable amount of finite sets
and complex numbers indexed on this finite set (and independent of the kernel) to test if gw is a
positive definite kernel.
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From those information we obtain that the operator described on the statement of the Theorem
is continuous (almost everywhere on ΛT ). Indeed, if v= ∑µ∈I vµeµ ∈H , then
∑
ν∈I
|gµ,ν(w)vν | ≤ ∑
ν∈I
(gµ,µ(w))
1/2(gν,ν(w))
1/2|vν |= (gµ,µ(w))1/2‖v‖H
because ‖∑ν∈I (gν,ν(w))1/2eµ‖H = ∑ν∈I (gν,ν(w)) = 1, so
‖G(w)v‖H =
√
∑
µ∈I
( ∑
ν∈I
gµ,ν(w)vν)2 ≤
√
∑
µ∈I
gµ,µ(w)‖v‖2H = ‖v‖H
which implies that the operator G(w) is continuous (almost everywhere on ΛT ). Since I is
countable, there exists a sequence of finite sets (Ik)k∈N for which Ik ⊂ Ik+1 ⊂I and ∪k∈NIk =
I . Given v= ∑µ∈I vµeµ ∈ H , consider vk := ∑µ∈Ik vµeµ ∈H , and note that vk → v in H .
The Lebesgue convergence Theorem implies that
〈Λ(A)vk,vk〉H =
∫
A
∑
µ,ν∈Ik
vµvνgµ,ν(w)dΛT (w)→
∫
A
〈G(w)v,v〉H dΛT (w)
while the fact that vk → v in H implies that
〈Λ(A)vk,vk〉H → 〈Λ(A)v,v〉H .
The general case follow from this case since 〈Λ(A)u,v〉H is finite linear combination of
〈Λ(A)(u+ v),v+ v〉H , 〈Λ(A)(u− v),u− v〉H , 〈Λ(A)(u+ iv),u+ iv〉H .
Gathering all this information, we can define an operator valued weak measurable function
G : X →L (H ) for which G(w) is a positive semidefinite and Tr(G(w))≤ 1 for all w ∈ X , by
defining G(w) as the zero operator on the problematic sets listed previously, which is countable
amount of sets of ΛT zero measure.
It only remains to prove the Bochner integrability of the functionG, which is direct consequence
of the following inequality∫
X
‖G(w)‖L (H )dΛT (w)≤
∫
X
Tr(G(w))dΛT (w)≤
∫
X
dΛT (w) = ΛT (X)< ∞.

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